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Abstract

It is well known, that thermo-elastic effects may have significant results upon the
macroscopic response in the mechanics of contact. On the other hand, as the scales in the contact
system reduce progressively (micro to nano-scales), the internal material lengths become important
and their effect upon the macroscopic response cannot be ignored. The present work extends the
classical contact solution for a hot flat punch indenting a homogeneous elastic half-plane, where heat
conduction is permitted (Comninou et al., 1981), to the analogous case of an indented
microstructured solid. The behavior of the indented material is modelled through the couple—stress
elasticity theory, which introduces characteristic material lengths and is appropriately modified in
order to incorporate the thermal effects. The problem formulation is based on singular integral
equations, resulted from a treatment of the mixed boundary value problems via integral transforms
and generalized functions. The results show significant departure from the predictions of classical
thermoelasticity showing that the microstructural characteristics of the material should not be

ignored.
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1. Introduction

The contact of two bodies maintained at different temperatures yields to thermo-elastic
deformations at the contact region that, although small, can affect the contact pressure distribution
and, depending on the temperature difference between the two bodies, even the contact area.
Assuming that the heat flows only through the contact area and that no heat flows across the exposed
surfaces, theoretical investigations by Barber (1971, 1973 and 1978) on indentation problems predict
that the regions near the contact area expand when the indentor’s temperature is raised over a
specific limit, causing the separation of the two solids, if the compressive load is maintained
constant. This separation is expected to cause a reduction in the extent of the contact area between
the indentor and the indented elastic body. This behavior was also experimentally confirmed by
Clausing (1966) who, almost ten years earlier, had shown that the thermal contact resistance between
two contacting bodies varies with the transmitted heat flux as a result of the thermo-elastically driven
changes in the extend of the contact area.

It is well-known that material microstructure influences the macroscopical behavior of
complex materials, such as composites, cellular materials and ceramics. In fact Maranganti and
Sharma (2007) showed that gradient effects play significant role in complex materials with course-
grain microstructure, while Chen et al. (1998) developed a continuum model for cellular materials
and concluded that the continuum description of this class of materials obeys a gradient elasticity
theory of the couple-stress type by naturally identifying the cell size with the material length scale.
Size effects have been also predicted for two dimensional grid-works (Askar and Cakmak, 1968) and
three dimensional cubic lattices (Lakes, 1986) and, associated with Cosserat elasticity, lead to an
increase in moduli with decreasing specimen size relative to the cell size (Onck et al. 2001). Finally,
strain gradient effects, even though difficult to be measured, have been observed in rigid
polyurethane and polymethactylimide foams (Lakes, 1986; Anderson and Lakes, 1994).

While classical continuum theories do not incorporate internal length-scales and therefore
cannot take into account micromechanical effects, the use of generalized continuum theories (see e.g.
Maugin, 2010) allows to achieve a more effective description of the mechanical response when, for
instance, stress concentrations appear (Georgiadis, 2003; Gourgiotis and Piccolroaz, 2014) or
instability phenomena are involved (Dal Corso and Willis, 2011; Bacigalupo and Gambarotta, 2013).

The need for such generalized continuum models has also been verified through experimental (Lakes
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et al., 1985; Beveridge et al., 2013) and theoretical (Smishlayev and Fleck, 1995; Bigoni and
Drugan, 2007; Bacca et al., 2013a; 2013b; Bacigalupo, 2013) approaches.

During indentation, size effects can be dominant especially when the indentation size is
comparable to the material microstructure. This process has been modeled employing classical
theories by directly incorporating the microstructural characteristics into the model through purely
geometrical considerations (see e.g. Chen et al., 2004; Stupkiewicz, 2007; Fleck and Zisis, 2010;
Zisis and Fleck, 2010) and phenomenological approaches based on gradient elasticity / plasticity
ideas, or on discrete dislocation concepts (Muki and Sternberg, 1965; Poole et al., 1996; Begley and
Hutchinson, 1998; Nix and Gao, 1998; Shu and Fleck, 1998; Wei and Hutchinson, 2003; Danas et
al., 2012; Zisis et al., 2014;). Even though, purely elastic indentation of materials is hard to achieve
in practice (Larsson et al., 1996), elasticity can be of interest in particular cases. In fact, there are
materials, such as polymers, that exhibit significant size effects also in the elastic regime (Han and
Nikolov, 2007, Nikolov et al., 2007).

In the present study, the steady-state plane-strain contact problem of the hot frictionless flat
punch indenting a couple-stress elastic half-plane is investigated for the first time to analyze the
influence of the internal length scale upon the macroscopic response. In addition to the dependence
of the response upon the heat flux amount from the indentor to the substrate and the magnitude of the
indentation load observed in the classical framework, it is shown that the type of contact (perfect
contact throughout the width of the indentor or separation near the corners of the punch) occurring is
strongly affected by the microstructural characteristics of the material. The opposite problem of a
cool flat punch indenting an elastic half-plane with microstructure, characterized by the possibility of
having imperfect contact (Barber, 1971; 1973; 1978 and Comninou and Dundurs, 1979), will be a
subject of a future work.

The paper is organized as follows. In Sections 2 and 3 the fundamental equations of couple—
stress thermoelasticity are summarized and particularized to plane-strain case. In Section 4 the
problem of the indentation of an elastic half-plane by a hot flat punch is formulated and the
appropriate boundary conditions are described. The mixed boundary value problem is attacked via
Fourier transforms and singular integral equations (Sections 5 and 6). Accordingly, the integral
equations are solved by employing analytical and numerical considerations in Section 7. The results

are discussed in detail in the final part.
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The attained results have genuine practical application in qualitatively identifying the
influence of length scale effects in solids, a requirement of practical importance for the advanced
design of materials and structures.

2. Fundamentals of couple-stress thermoelasticity

One of the most effective generalized continuum theories is that of couple-stress elasticity,
also known as Cosserat theory with constrained rotations (Mindlin and Tiersten, 1962; Koiter, 1964).
In this theory, the modified strain—energy density and the resulting constitutive relations involve,
besides the usual infinitesimal strains, certain strain gradients known as the rotation gradients. The
generalized stress—strain relations for the isotropic case include, in addition to the conventional pair
of elastic constants, two new elastic constants, one of which is expressible in terms of a material
parameter ¢ that has dimension of [length]. The presence of this length parameter, in turn, implies
that the modified theory encompasses the possibility of size effects. This theory was extended by
Nowacki (1966) who derived constitutive equations on the basis of thermodynamics of irreversible
processes and provided the fundamental differential equations of couple-stress thermoelasticity.

We begin by giving an account of the theory of couple-stress thermoelasticity as introduced
by Nowacki (1966). In the absence of inertia effects, the balance laws for the linear and angular
momentum lead to the following force and moment equations of equilibrium (Mindlin and Tiersten,
1962)

.. +X. =0 , 1)

] 1

O + 45, +Y; =0, (2)

where a Cartesian rectangular coordinate system Oxyz is used along with indicial notation and
summation convention. In these equations o, is the force-stress tensor, ., is the couple-stress
tensor, X, denotes components of the body-force vector referred to a body unit, and Y, denotes the
components of the body—couple vector, a comma denotes partial differentiation and e, is Levi-
Civita alternating symbol. Further, o;; can be decomposed into its symmetric and anti-symmetric

components as follows



Published in International Journal of Solids and Structures, 2015, Vol. 63, pp. 226- 239.
doi:10.1016/j.ijsolstr.2015.03.002

o =T ta; 3)

(D)

with 7; =7, and «; =-a;;, whereas it is advantageous to decompose y; into its deviatoric 1

ji

(s)

and spherical £ parts in the following manner

1
My =y +§§ij/ukk , (4)

with ,ui(jD) =m;, ,ui(,-s) =(1/3) 8 44, , and & is the Kronecker delta. Now, with the help of the Green-

Gauss theorem and employing the moment equation of equilibrium (2), one may obtain the anti-
symmetric part of the stress tensor as

Qi = _%eijk (/Upk,p +Yk) . (5)

from which follows that the stress tensor is symmetric in the absence of body couples and for a
vanishing divergence of couple-stresses. Finally, combining (1)-(5) yields the final equation of
equilibrium which involves only the symmetric part stress tensor and the deviatoric part of the

couple-stress tensor

Tji.j_Eeiki(mpi,kaij,k)eri =0 ©)

Concerning the kinematical description of the continuum, the following primary kinematical

fields are defined in the framework of the geometrically linear theory

& =%(u.y. +u,) . o “Le.u K=o, ()
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where ¢; is the strain tensor, @, is the rotation vector, and «; is the curvature tensor (i.e. the

gradient of rotation or the curl of the strain) expressed in dimensions of [length]®, which by

definition is traceless: x; =0 since w; =0 . Accordingly, the compatibility equations for the

kinematical fields in (7) are (Naghdi, 1965)

€iomCmik€ik T Cpim K =0 v Byn€iomKiji =0 - (8)

ipm ~mj mj ikm™ jpm ™ ij k =

where the elimination of x; between (8) leads to the usual Saint Venant’s compatibility equations
for the strain tensor components.

Regarding the boundary conditions, we note that in the constrained couple-stress theory the
normal component of the rotation vector is fully specified by the distribution of tangential
displacements over the boundary. This implies that the traction boundary conditions, at any point on
a smooth boundary or section, consist of the following three reduced force-tractions and two

tangential couple-tractions (Mindlin and Tiersten, 1962; Koiter, 1964)

1
M _
P =oyn; _Eeijknjm(nm,k ; (9)

R™ =mn, —m_,n , (10)

(nn)

where m, ., =nn;m; is the normal component of the deviatoric couple-stress tensor m;, and n; are

(nn) ij
the components of the unit vector outward normal to the surface.
The principle of conservation of energy written for an arbitrary volume V of the body,

bounded by a smooth surface A , has the form

r . . n . n .
fudv = [(Xu+Yé)dv + [(R™4+R"a, )dA — [qndA (11)
\Y \ A A
— [
rate of internal rate of work of body forces rate of work of force heat transferred by
energy of the volume and body couples and couple tractions heat conduction
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where U is the internal energy, ¢, is the component of the heat-flux vector, and the superimposed

dot denotes differentiation with respect to time. By using the divergence theorem and the definitions
in (9) and (10) in conjunction with the equations of equilibrium (1) and (2), the equation of the
energy conservation (11) localizes in the form

U= Tij‘éij + mijkij -G - (12)

Further, the equation of entropy balance is written as (Green and Adkins, 1960)

gn
j Sdv J S dA+ j@dv (13)
ratef of :ncrease rate of entropy rate of production
of entropy of entropy due to
supplied to the heat co%uctlon

volume across
the surface

where S is the entropy per unit volume, T is the temperature, and ® represents the rate of
production of entropy per unit volume of the material due to heat conduction. Using the divergence
theorem and assuming that the volume is arbitrary, Eq. (13) can be written in the local form as

o} qT.
S=@-—2L4y L1 14
T T° (14)
so that, eliminating q,; from (12) and (14), we obtain
; : : - qT;
U :Tijgij +min'ij +TS-T ®+T_2 . (15)

Accordingly, introducing the expression for the Helmholtz free energy W =U —TS and assuming

that W is a function of the independent variables ¢, x; and T, we obtain the following relations

(Nowacki, 1966)

ow oW _ 6W qT;
T=——, My=—-, 3 T
' Og, ' Ok Bl T

-0. (16)
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In accordance with the thermodynamics of irreversible processes, we postulate that: ® >0, which

implies that: —qi‘l"i/T2 >0 . The latter inequality is satisfied when the Fourier law of thermal

conductivity is assumed, which for an isotropic and homogeneous body becomes

q, = —ko;, 7)

where K is the conductivity coefficient, & =T —T, is the temperature change measured from T,, the

absolute temperature of the solid in its reference state of uniformly zero stress and strain. Thus, in
view of equation (14) and taking into account the last relation of (16) , we derive the heat conduction

equation as
TS =k@, . (18)

Assuming a linear and isotropic material response, we expand the free energy density

W (&;.x;,T) in the neighborhood of the natural state W (0,0,T,) as (Nowacki, 1966)

ijrhij

1 , m
W :Eﬂgng“ + U & + 2K + 20 KK —ﬁgkkﬁ—gﬁz , (19)
where (4,4, n, ') are material constants which refer to the isothermal case. The moduli (4, )

have the same meaning as the Lamé constants of classical elasticity theory and are expressed in

dimensions of [force][length] %, whereas the moduli (7, n") account for couple-stress effects and
are expressed in dimensions of [force]. In addition, g =(34+2x)a with o being the coefficient of

thermal expansion, m:—az\N(O,O,TO)/aTZ, and assuming positive definiteness of the internal

energy the material parameters satisfy the following inequalities (Mindlin and Tiersten, 1962)

31+2u>0, u>0, >0, 1< 1. (20)
"
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Now, making use of the relations (16), we obtain the generalized Duhamel-Neumann constitutive

equations for a thermo-elastic couple-stress medium

T = ﬂ“‘c"kké‘ij +2ﬂ5ij _ﬂgé‘ij v My = 477Kij +477,Kji ' (21)

S =fe,+mo . (22)

It is interesting to note that the term «,, 6 does not appear in (19) since the curvature tensor is

traceless. Therefore, in contrast with the micropolar (unconstrained Cosserat) elasticity (see e.g.
Nowacki, 1986), the couple-stresses in (21), do not depend upon the temperature, whereas the
entropy in (22) does not depend upon the trace of the curvature.

Incorporating now the constitutive relations (21) into the equation of equilibrium (6) and using
the geometric relations in (7), one may obtain the displacement equations of equilibrium, in the

absence of body forces and body couples, as

MU +(/1+/u)uj,ji _/Mz (ui,jjkk —Uj ik ) =p0,; , (23)

where fz(n/,u)]/z Is a characteristic material length. Note that the multiplication of ¢ with the

higher-order term reveals the singular-perturbation character of the couple-stress theory and the
emergence of associated boundary-layer effects. As ¢ — 0, the equations of classical linear isotropic

thermoelasticity are recovered from (23)*.
Finally, assuming that |o9/TO|<<1 and that there are no heat sources within the body, the

following equation of thermal conductivity is derived (Nowacki, 1966)

! Experiments with phonon dispersion curves indicate that for most metals, the characteristic internal length is of the
order of the lattice parameter, about 0.25nm (Zhang and Sharma, 2005a) while other small-molecule materials have
larger internal characteristic lengths. For example, for the semiconductor gallium arsenide (GaAs), Zhang and Sharma
(2005b) estimated a characteristic length of about 0.82nm, while Lakes (1995) estimated a microstructural length for
graphite H257 of the order of 2.8nm. Furthermore, foam and cellular materials exhibit a characteristic length that is
comparable to the average cell size whereas in laminates is of the order of the laminate thickness. In particular for dense
polyurethane foams the microstructural length may be equal to 0.33mm while for human bones about 0.5mm (see Lakes,
1995).
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c. , BT, .
g,jj_?g_Togkk =0 , (24)

where ¢, =mT, is the specific heat at constant deformation. Equations (23) and (24) constitute the

governing set of the field equations in the linear theory of couple-stress thermoelasticity. Note that
(24) has the same form as in the classical theory.

3. Basic equations in plane-strain

The governing equations presented for linear and isotropic couple-stress thermoelasticity are

particularized here to the plane strain case®. For a body that occupies a domain in the (x, y)—plane

under conditions of plane strain, the displacement field takes the general form:
u =u.(xy)=0, u =u(xy)=0, u,=0. (25)

so that, except for ,=w® and (x

«K,,)» all other components of the rotation vector and the
curvature tensor vanish. The non-vanishing components of the stress and couple-stress tensors are
derived from (3), (5) and (21). Vanishing body forces and body couples are assumed in what follows.

In view of the above, the following kinematic relations are obtained

ou ou
8XX_8UX1 £, =—~, gxy:gyx_l _y+% 1 (26)
OX oy 2\ ox oy
ou 0
co:i My oy : szza—a), Kyzz—w. (27)
2\ ox oy 16 oy

Further, the stress and couple-stress equations of equilibrium (1) and (2) are

% An interesting exposition of the theory under plane-strain conditions was given in the work by Muki and Sternberg

(1965), and more recently by Gourgiotis and Piccolroaz (2014) including also inertial and micro-inertial effects.

10
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0 0 0
9w g v g gy e T 28)
OX oy OX oy OX oy

while the constitutive equations furnish

£y = (Zy)_l[ o —v(aXX +ayy)} +(2,u)_1 (1-2v)p0,

£, = (2;1)_1[ o, —v(aXX +o, )}L(Z,u)_l (1-2v)p0 ,

gy =(41) (04 +0,) (29)
and

K,, = (4/1[2 )_1 m,, k,= (4/1(2 )_l m, , (30)

where g, v and ¢, in this order, stand for the shear modulus, Poisson’s ratio, and the characteristic

material length of couple-stress theory (Mindlin and Tiersten, 1962).
Combing now the previous equations, we obtain the following stress and couple—stress
equations of compatibility

2
%ﬁa%—vvz (00 +0,)- ai;y(oxy +0,)+(1-2v)BV?0 =0, (31)
m, = —2%%[% ~v(o, +aw)+(1—2v)ﬁ9}+z2 %(axy +0,), (33)
m, = 2¢? %[aw ~v(oy+0,)+(1-2v)po ]~ %(ny +0,,). (34)

from which follows that only three of the four equations of compatibility are independent. Indeed,
Egs. (32)-(34) imply (31), while Egs. (31), (33) and (34) yield (32) (Mindlin, 1963; Muki and

Sternberg, 1965).
11
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Finally, Mindlin (1963) introduced pertinent stress functions (generalizing the Airy stress
function of classical elasticity) by showing that the complete solution of equilibrium Eqgs. (28) admits

the following representation

RO o0’d Y
O =7~ , Oy =——t ,
oy® oxoy OX~  Oxoy
2 2 2 2
ny:_acp_af,ayxz_aq>+a\f’ (35)
oxoy oy oXoy  OX
and
v
m,, :aa_\P’ myz :%! (36)
X

where ®=®(x,y) and W=¥(x,y) are two arbitrary but sufficiently smooth potentials.

Substitution of (35) and (36) into (33) and (34) results in the following pair of differential equations,

for the stress functions

%(‘P — V) =-2(1-v) (*V? (%‘)j—zﬂzz (1—2@%, (37)

%(‘P — VW) =2(1-v) PV (%I()}zwz (1—2v)2—f, (38)
which then lead to the uncoupled PDEs

(1-v)V*o+p(1-2v)V20=0, (39)

V¥ -V =0. (40)

To these equations we also have to add the equation of heat conductivity. Assuming no internal heat

sources and steady state conditions, equation (24) simplifies to

12
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vV%0=0. (41)

In addition, from (26)—(29) and (35)—(36), one can obtain the following relations connecting the

displacement field in terms of Mindlin’s stress functions

2 2
M _1[0® 0¥ | Gy (1-20)p0 ], (42)
ox 2u\ oy® oxoy
au 2 2
Ay 1[0, 0V | vepi(1-2v)p0 |, (43)
oy 2ul ox Xoy

(44)

0
ou, ou, 1(,0® ¥ oY
—X—=——2 ———t— |-
oy OX 2u\ oOxoy oX oy

Note that as the quantities ¢, 0,'¥, and o, ¥ tend to zero, the above representation passes over into

the classical Airy’s representation.

3. Formulation of the contact problem and boundary conditions

In this section, the plane-strain problem of an elastic half-plane subjected to the action of a
perfectly conducting rigid flat hot indentor with sharp square corners is considered (Figure 1a and b).
The indentor is pressed into the surface through the application of a load P (with dimensions of
[force][length]™) normal to the half-plane and a Cartesian coordinate system Oxyz is considered
attached at the center line of the flat punch.

Further, we assume the contact interface between the punch and half-plane to be smooth and
frictionless, which means that the indentor must be lubricated. The remaining part of the half-plane
surface is considered to be insulated and traction-free. Heat flow between the solids is only permitted

to take place by conduction through the contact region. Moreover, the flat punch is at temperature T

while the temperature field of the half-plane is denoted by T . Remote regions of the half-plane are

assumed to be at the natural temperature T,. In the present analysis, the punch is at higher

temperature than the indented half-plane, thus excluding the possibility of imperfect contact

conditions (Barber, 1978). Following normal practice, the effect of elastic deformation on the heat

13
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conduction problem is ignored and the thermal boundary conditions are therefore referred to the solid

in its undeformed state.
We now postulate that the surface of the half-space y=0, consists of general regions of

perfect contact (x < c), where 2c is the true contact width and regions of non—contact (x >c). In

each region the appropriate mechanical and thermal boundary conditions read (see Comninou et al.,
1981)

(a) Perfect contact

0=0,,
u,=A, for |x<c and y=0, (45)

y
O'yy<0

(b) Non-contact

q=0,
{ for |x|>c and y=0, (46)
o, =0

where A is a constant acting as a measure of the absolute approach of the contacting bodies,

0,=T,-T,,and q(x)=q, (x,0)=-kd6/dy is the heat flux through the interface.

In addition, we note that since no restriction is imposed on u, and du,/dy under the indentor,

the rotation @ is arbitrary at the contact area. Thus, by enforcing the principle of virtual power

(Koiter, 1964), we approximate zero shear and couple tractions under the indentor (Shu and Fleck,
1998),

0,(x0)=0 and m,(x,0)=0 for —o<Xx<ow. (47)

in accordance with the assumption of a frictionless and smooth indentor acting on a traction-free
half-plane. The above boundary conditions are accompanied by the complementary integral
conditions

14
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Jiq(x)dx =Q, J: p(x)dx =P, (48)

where Q is the total heat flux (positive in the direction pointing to the interior of the half-plane), P
is the applied (compressive) load, and p(x) = —oyy (X,0) is the pressure below the contact area of

the indentor with the following properties:

p(x)=0, [Y>c and p(x)=p(-x)=0 , |x|<c. (49)

Finally, since the indented surface is an unbounded region, the above boundary conditions

must be supplemented by the regularity conditions at infinite distance from the indentor

2
o, (1) >0, m(r)—>0, 0(r)>0 as r=(x+y") 5. (50)
Equations (45)-(50) describe our mixed boundary value contact problem in the context of couple-
stress thermoelasticity.

Following Comninou et al. (1981), the dimensionless parameter

_ (1+v) uabQ
-~ (1-v)kp &

involving all the thermal and mechanical material parameters of the classical thermo-elastic problem,
can be introduced to define the occurring type of contact under plane-strain conditions. Restricting

attention to the case of hot punch (Q >0), within the context of classical thermoelasticity®, we
distinguish the following two cases:

- if 7 <1.57 the contact is perfect and is maintained throughout the flat punch (c=b;

Figure 1a)

% Note that since in the present work the positive vertical axis points towards the interior of the half-plane, we define:

r=-A,where A is the respective dimensionless parameter in Comninou et al. (1981) notation.

15
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- if £ >1.57 separation at the edges is attained (¢ < b ; Figure 1b).

(@) (b)

Figure 1: Schematic representation of the hot punch problem, namely Q > 0. (a) For small possitive

values of z perfect contact will be maintained throughout the punch (c =b), while (b) separation (

¢ <b) will occur near the edges for sufficently large possitive values of 7 .

A final notice pertains to the difficulty that arises in 2D contact problems regarding the
evaluation of the displacements, which is absent in the 3D cases (Johnson, 1985). Indeed, in the
former case the value of the displacement of a point in a loaded elastic half-plane cannot be
expressed relatively to a datum located at infinity, due to the fact that the displacements become

unbounded as O(Inr), with r being the distance from the loaded zone. Thus, the normal
displacement u, can only be defined relatively to an arbitrary chosen datum. In physical terms this

means that the distance A cannot be found by consideration of the local contact stresses alone; it is
also necessary to consider the stress distribution within the bulk of each body (see also Bower,
2009).

4. Fourier transform analysis
The plane-strain contact problem is attacked with the aid of the Fourier transform on the
basis of the stress function formulation summarized earlier. The direct Fourier transform and its

inverse are defined as follows

16
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f@O=[" fwedx, 100 f@eds, 2)

where i =(-1)"".

Transforming now the field equations (39)-(41) with (52), provides the following ODEs for the
transformed stress functions and the transformed temperature

d*‘d d’d -
—28P—+&'0 =0, 53
d*y d? ‘P A
0? 1+ 2¢ 2(1+ 222\ =0 54
(1208 ) (1 ) (54)
do
~—E%=0 . (55)
dy’

Similarly, the following results are obtained for the Fourier transforms of the stresses, couple—
stresses and displacements

. d¥ o~ d¥
viE—— | - _BD_jE—

XX dyz 5 yy ‘/:Z é:dy

. dd d’¥ . dd -

Xy = d_y_ dy2 ’ O-yx = Igd_y_gqu ' (56)
O

. o7
yz dy ( )

i, = Zié((l— )O('qu’ f—y+|v§CD+(1 2@.59] ,

.1 d*d ,dD - dé
0, = 2 ((1 V)— & —-(2-v)¢& d—y—lf‘l’ (1- 2v)ﬂdyJ. (58)
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The governing equations (53)-(55) have the following general solution that is required to be bounded

as y— +w
D(&,y)=C,(&)e +C, (&) ye ™, (59)
¥(&,y)=C,(&)e M +C, (&)™, (60)
0(¢.y)=Cs(&)e™ (61)

where y =y (&)=(1/¢? +§2)]/2 .
Enforcing now the traction boundary conditions (47) results in the following equations for the

unknown functions C, (&)

C,(§)=llc.(&)-ig(1-1el " v)c. () - (62)
Ca(&)=-rl¢["Ca(€) . (63)

where the functions C, (&) and C,(¢&) are related also through the compatibility equations (37) and

(38) as follows

C, (&) =—4ir? (1-v)EC, (&) . (64)
Further, according to (46)3 and (52),, we obtain that

G, (£.0)=]" 0 (x.0)edx =] p(x)e“dx=—p(¢) , (65)

where p(&) is the transformed pressure distribution below the indentor, which, taking into account

(56),, can be written as
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. aa o dP
p(&)=¢ CD+|§W . (66)

Moreover, upon substituting (59) and (60) into (66) for y =0, and taking also into account
(62)—(64), we obtain the relation

C,(&)=¢7p(¢) . (67)

whereas using (61) and the definition of the heat flux, we derive

Cs(&)=k|el"d(¢) . (68)

Finally, in view of (62)-(67), the transformed stress functions and the transformed temperature

become now
~ y —I¢ly R
S A
A 4% (1-v)||elre ¥ -ge |
ey)=- [y—=4(1-v) & (|E]-7) ¢ e). 7
" ekl
9(§1Y)=MQ(§) : (71)

5. Singular integral equation approach
Our objective now, is the determination of the contact-stress distribution p(x) and the heat

flux distribution q(x) under the indentor and the determination of the pertinent contact length when

appropriate. For the solution of the mixed boundary value problem, we employ the method of
singular integral equations. In classical elasticity, the general procedure of reducing mixed boundary

value problems to singular integral equations is given, e.g., by Erdogan (1978), while various
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applications of this approach in classical Contact Mechanics are given in Hills et al. (1993). An
example of the method within the context of couple-stress elasticity for plane-strain contact problems
can be found in Zisis et al. (2014).

The definition of the inverse Fourier transform in (52), together with Eq. (58), lead to

following equation

_ijw[i(l—Zv)ﬂd_éJe—ixgdg 1 (72)

By substituting in the above equation the expressions for the stress functions (69) and (70) at y =0,

and taking into account (65), we obtain (Appendix)

di_i ) | 1_V |§|7/ pift —ix X
dx _szwﬂg[ 4(1-v) & (|e-7)-7] U p(t ﬁdt}e fd§+5j0q(t)dt (73)

where § =(1+v)a/k is the distortivity.
In view of (45); it follows that duy/dx =0 for |x| <c. Thus, reversing the order of integration

in (73), the problem is reduced to the following integral equation
_'[ dt+§j q(t)dt =0, |x|<c (74)

where the kernel K (x—t) is defined as

K(x=t)=["g(&)sin(&(x-1))d¢ , (75)
with
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_ (L-v)y
g(g)_4(l—v)f2§2(§—7/)—}/ ) (76)

In Eqg. (74), passing to the limit as /— 0 and 6 — 0, one recovers the classical elasticity
representation. Now, in order to make the kernel in (75) explicit and separate its singular and regular

parts, it is necessary to examine the asymptotic behavior of the function g (&) as & — . Indeed, by

1-v

using theorems of the Abel-Tauber type and noting that iimg(g):gw(g):—g > we
- -2v
decompose g(¢) as
9(£)=0.(&)+[9()-0.(9)] - (77)

Accordingly, utilizing certain results of the theory of the generalized functions and singular

distributions (Roos, 1969) the kernel K (x—t) becomes

K(x=t)=[] 9. (£)sin((x-t)de + [ [9(£)-0.(£)Jsin(¢(x-1))de

singular part regular part

1-v 1
:_(3_2V)X—_t+N(x—t) , (78)

where

N(x—t)—J L 2(1_‘/)2(25252(7/—5)—7) | sin(£(x—t))dé | (79)

3-2v)(y+4(1-v) P& (y - &)

is now a regular kernel for x —>t.
In view of the above, we obtain the following coupled singular integral equation relating the

pressure and the heat flux under the indentor
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—m(?;_vlv)ﬁ5(_t2dt+u—trjch(x—t)p(t)dt+5joxq(t)dt=o, X<c  (80)

It should be noted that the first integral in the integral equation (80) is interpreted in the Cauchy
principal value sense (CPV), whereas the second integral is regular.

The integral equation for the uncoupled heat conduction problem is derived in an analogous
manner. Employing the definition of the inverse Fourier transform in (52), together with Eq. (71)

leads to the following equation for the tangential derivative of the temperature at y =0

do 1 (7 &

= o —ix&
dx 2z wk|§|q(§)e ds. (81)

which, after reversing the order of integration and bearing in mind (46); and (52);, can be written as

o 1 (°

5] A [isan()e Fag ot )

Then, since, the temperature difference is zero at the interface between the rigid indentor and the

elastic half-plane (c.f. Eq.(45),) it follows that d@/dx =0 for |x| < c¢. The heat-flux problem is then

reduced to a singular integral equation of the form

Jc ﬂdt=0 , |x|<c , (83)

c X—t

where the following result of the theory of generalized functions has been utilized (Roos, 1969)

J'Zisgn(g‘)e’i(x’t)fdf :%. (84)
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The heat-conduction problem defined by (83) and the complementary condition in (48); is not

influenced by the contact stress distribution and is of standard form with solution

q(x):%)ﬂz, x| <c . (85)

(et -x

Accordingly, substituting this result into equation (80) and after integration, we derive our governing

singular integral equation characterizing the thermo-elastic contact problem in couple-stress

elasticity
L J p(t)dt+j°N(x-t)p(t)dt+5ﬂQsin1(5}0 [x|<c. (86)
3-2v) . x-t ¢ ¢ |

The latter equation has to be supplemented with the complementary condition: (48),, for the pressure
under the indentor. It is noted that Eq. (86) is uncoupled and the last term involving the heat flux
plays now the role of the loading function.

The numerical solution of (86) together with the complementary condition in (48), constitutes

the aim of the remaining analysis.

6. Numerical solution
The numerical solution of the singular integral equation (86) is accomplished utilizing the

appropriate collocation method. To this purpose, the following normalizations are adopted: X = x/c,

f=t/c and 7 =//c. The governing singular integral equation takes then the following form

v Jlp(f>df+jjlm(z-~)p(f)dmﬂczsin1(i)=0 - <1, (87)

3-2v )  x-t

whereas, the complementary condition in (48), becomes

J._ll p(f)di =Pc™, (88)
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and the regular kernel N (X—{) is defined as

N(Xf)ZJ:L 2(1—1/)2(2?24“2(7;_ )_77) )) Sin(g(f(—f))dé, (89)

with £ =&c and 7 = (1/?2 +§2)]/2. The above convergent integral is a Fourier sine transform and

can be efficiently evaluated numerically employing numerical algorithms that take into account its
oscillatory character.
In what follows, we distinguish two cases, depending on the magnitude of the total heat flux

and the material properties, which may occur during the thermo-elastic contact of a hot flat punch.

6.1 Perfect contact problem (c=b)
In this case, the contact is perfect throughout the flat punch and c=b (Figure 1a). The

Cauchy singular integral in Eg. (87) dominates the bounded kernel N(X—f) and therefore

determines the nature of the singularity in the pressure p(f) at £ =+1. Accordingly, guided by the

results concerning the modification of stress singularities in the presence of couple stresses (Muki
and Sternberg, 1965; Zisis et al. 2014), we introduce the appropriate unbounded fundamental

solution by defining
p([)=YaT, (E)1-t) ", [f<1 (90)
n=0

where T, (f) are the Chebyshev polynomials of the first kind (see e.g. Abramowitz and Stegun,

1972). We note that by assuming the above pressure representation, the classical square—root stress
singularity at the corners of the punch is retained also in the couple stress theory. Now, substituting
(90) into the integral equation (87), one arrives at
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L(1-7)

1 1
N 1-v T(f) £ T(f) J(v_F\dF PR o
a - . di + | ——25N(Xx-t)dt } +5 uQsin™(X) =0, [X|<1
zn{ Mjl(l | (et s oun (-0,
(91)
Further, by employing the orthogonality properties of the Chebyshev polynomials of the first

kind, the complementary condition in (88) yields: a, = P(ﬂ'b)_l, where 2b is the width of the flat

punch. The CPV integral in (91) is evaluated by using the following properties of Chebyshev
polynomials (Erdogan and Gupta, 1972)

J T, (0) df:{o’ =0 %<1, (92)

where U, (X) are Chebyshev polynomials of the second kind. The second integral in (91) is regular

and can be readily obtained by the Gauss—Chebyshev quadrature method. Consequently, the singular

integral equation (91) takes the following functional form

S a, {Mun_l(i)+ h, (z)}+ suQsin (%) =0, |X<1, (93)

2~

: I e 22\ Y o S\ aF
with h, (%)= [T, (f)(1-%) " N(x-)df .

Now, Eq. (93) is solved by truncating the series at n=N and using an appropriate collocation
technique with collocation points chosen as the roots of Uy (X), viz. X; =cos(jz/(N +1)) with
j=12,..,N . In this way, a system of N linear algebraic equations is formed that enables us to
evaluate the remaining N coefficients a, (n=1,...,N ) and, consequently, the desired pressure

distribution.

6.2 Separation problem (c<b)
Increasing the values of = (Eq. (51)), the previous solution predicts tensile contact stresses at

the vicinity of the edges of the contact area and thus separation is anticipated to occur in this region
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(see Figure 1b). In this case, the solution methodology is similar to the previous one except that the
length 2¢ (c <b) is now unknown and depends upon z and the microstructural length scale 7.

When the separation regime is considered, the contact tractions are not singular at the
separation line x =+c. Accordingly, bearing in mind that the governing singular integral equation
has qualitatively the same general form with the respective one in the classical theory (with the
addition of the regular kernel), we assume the following pressure distribution under the indentor
(Zisis et al. 2014)

p(5)=2bY, (B)(-1°)" | [f]<1 (94)

1 ~ &2 12
>b, —1_2VJ Un(t)(l_;) df + U, (E) (1) N (=) df {+uQsin™ (%) =0, [g]<1
n=0 eV 1

(95)
The first integral in (95), is evaluated as a CPV integral by using the following relation (Erdogan and
Gupta, 1972)

1 - 12
U (t)(1-t?
J (1) ) df =7 T, ,(X) for n=0, |%|<1. (96)

Accordingly, one reaches the following functional equation that can be used in the numerical

discretization
S |-G (e ()i (3) <0 , 1 )
v

where Wn(f():J'_llun(f)(l—fz)]/2 N (%x—f)df is a regular integral which can be evaluated by the

standard Gauss—Chebyshev quadrature method. Eq. (97) is solved by truncating the series at n=N
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and using an appropriate collocation technique with collocation points chosen as the roots of
T (%), viz. X, =cos((2j-1)z/(2(N+1))) with j=1,2,...N+1 which is solved in the least

square sense. In this way, a system of N +1 linear algebraic equations is formed for the N +1
coefficients b, . It is noted that since the index of the pertinent singular integral equation is: x =-1,

the complementary condition (54) is not necessary for the computation of the system coefficients but
is essential for the evaluation of the unknown contact area 2c. In general, in such cases where no
stress singularity occurs at the ends of the contact area, a consistency condition should be also
considered (see e.g. Gakhov, 1966). However, it can be shown that in our case this condition is
identically satisfied. Finally, in order to avoid iterations, it is instrumental to assume the contact

length ¢ and the ratio ¢/c as given values for computing the required value of the dimensionless

parameter 7 in (51) and accordingly the pressure, for a given Poisson’s ratio and indented load P .

7. Results and discussion

We now proceed to the discussion of the numerical results. In classical thermoelasticity, the
single dimensionless parameter 7z, which is defined in (51) and depends upon v , characterizes
completely the response of the system and the type of contact (Comninou et al., 1981). On the other
hand, in the couple-stress elasticity formulation the Poisson’s ratio has an explicit effect in both the
mechanical and the thermal responses of the medium and, thus, should be treated independently (an
analogous situation was encountered in Muki and Sternberg, 1965; and Zisis et al., 2014). For this
reason, in the present study, a more appropriate definition of such a dimensionless parameter would

be the following,

T*:,uaszl—vT. (98)
kP 1+v

*

The limit values of = (z,, or 7, ) defining the transition from perfect contact to separation for the

crit
microstructured solid are also dictated by the dimensionless parameter //b, as illustrated in Figure 2.

For clarity and for direct comparison with the classical solution of Comninou et al., 1981, results are

*

reported here for both z_. and z

crit crit *
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Figure 2: The effect of the microstructural length ¢/b upon the critical values of the dimensionless

*

and z_.. . The critical values of (a) r_. or (b)

crit

parameters 7, it - - that define the type of contact

depend strongly upon //b. The region below each curve suggests perfect contact while the region

above suggests separation.

Figure 2 depicts the dependence upon the ratio ¢/b of the critical values of the dimensionless

*

parameters z_.. and 7, at which separation succeeds perfect contact. In Figure 2b, at the limit

crit crit

?/b =0 (classical thermoelasticity), all curves converge to the value 7, ~1.57 (Comninou et al.,

crit

1981) independently of the Poisson’s ratio. As it was shown by Comninou et al., 1981, for 7, >1.57

crit
(or 7, >{1.57;0.84;0.52} for v = {O; 0.3; 0.5}, respectively) separation occurs at the punch corners

leaving a reduced contact area. On the other hand, in the case of couple—stress thermoelasticity this

result is affected by the internal length scale. It is observed that as //b increases, the value of the

*

parameter z_. decreases monotonically attaining a constant value depending upon the Poisson’s

crit
ratio v . This implies that in a microstructured material separation will occur for smaller values of

the ratio Q/P . For example, and for the range of calculations that are carried out in the present

*

work, at //b=1 and v =0 the parameter r_, decreases by about 50% suggesting that separation
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characteristics will be attained at essentially half the Q/P ratio that corresponds to classical

thermoelasticity.

7.1 Perfect contact (c=b)
Within the perfect contact regime a square root singularity in the pressure distribution is
observed at the sharp edges of the punch as in the case of classical thermoelasticity (Figure 3). In the

limit ¢/b=0, the present results reduce to the corresponding ones attained for the classical

thermoelasticity (Comninou et al., 1981), while in the limit 7" =0 reduce to those attained by Muki
and Sternberg (1965) and Zisis et al. (2014). We should note that, excluding the thermal effects, as
¢ /b increases from zero, the results regarding the pressure below the indenter depart from those
predicted by classical elasticity. In fact, it is has been shown by Muki and Sternberg (1965) and Zisis
et al. (2014) that at small values of the ratio //b the couple-stress effects are more pronounced
leading to an increased deviation from the classical elasticity solution. The boundary layer effect near
the corners of the punch is more apparent for x/b=0.99 and x/b —1", where the pressure below
the indenter with increasing ¢ /b follows an initial steep descent below the classical pressure-ratio of
unity, then rises to a maximum above unity and finally steadily approaches the asymptotic value of
unity as ¢/b — oo . Furthermore, it has been shown that deviation from the classical elasticity
solution, even though less pronounced, is not only attained near the punch corners (x/b =0.99) but

also close to the center of the punch (x /b =0) for small ratios of 7/b.
It is observed that, for fixed ¢/b, as " increases, departing from " =0 (no thermal effects),

the pressure below the indentor increases at the center of the contact (x =0). A stiffer response is
attained for increasing Poisson’s ratio (Figure 3). Moreover, as it is illustrated in Figure 3, for a

microstructured material with ¢/b =0.2, the transition between the two types of contact is attained at

7 =1.095 for v=0, and ¢ =0.423 for v=0.5 (dashed lines in Figure 3). In these cases, the

pressure at the corners of the indentor is bounded and equal to zero.
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Figure 3: Pressure distributions for selected values of 7~ at fixed /b for Poisson’s ratio (a) v =0
and (b) v =0.5. Only half of the indentor (x >0) is presented due to symmetry. Results for the limit

value of 7~ at the corresponding //b and v are also shown (- - -).

The influence of couple-stresses upon the pressure distribution is brought out more clearly in

Figure 4, where the ratio of the modified to the classical pressure p(x)/p, (x) is plotted as a

function of x/b for various values of ¢/b, z and v. It is observed that for increasing 7, the
pressure below the indentor increases and is affected by the magnitude of the normalized

characteristic length ¢/b and the Poisson’s ratio v . An evident deviation from the classical pressure

distribution is found, at small values of ¢/b, in a relative narrow band near the corners of the punch,

revealing thus a boundary layer effect.
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These results may also be seen in conjunction with Figure 5. When thermal effects are

excluded (7 =0), the curves depart from and then approach the classical elasticity results as ‘/b

increases from zero. Indeed, the limiting values of p, = p(O) at //b=0and ¢/b— oo coincide (see

Muki and Sternberg, 1967 and Zisis et al., 2014). On the other hand when 7~ > 0, the behavior is
strongly influenced by the deformation induced by the thermal effects. The dashed line suggests the
limiting values of the ratio ¢/b at fixed 7" further from which the type of contact changes from
perfect to separation. Results are shown only for the case of perfect contact throughout the flat
punch. The classical thermoelasticity solution is represented by the single points at //b=0. For all
the cases, as //b increases from zero, the pressure below the indentor departs from that predicted by
the classical thermoelasticity, initially decreases and then increases again attaining a constant value

(greater than the classical thermoelasticity solution) as ¢/b — oo that depends upon 7. For example,

when v=0 and 7" =0.75 the pressure below the indentor at x=0 reduces to a minimum value

attained at //b~0.2 and then rapidly increases with increasing ¢/b up to p,b/P ~0.55. Further

increase of ¢/b (for r =0.75) suggests that the contact characteristics will change and separation

near the corners of the punch will be attained. Similar results can be observed in the incompressible
limit v=0.5.

Finally, we note that since the singular fields for sharp edge contacts and for cracked bodies
suggest similarities (Giannakopoulos et al, 1998), it is of interest to present an equivalent to the
Mode 1 stress intensity factor for a double edge cracked infinite plate (containing two semi-infinite
cracks whose tips are separated by a distance of 2b). The equivalent stress intensity factor in couple-

stress elasticity (given here for the right edge) is defined as

Ky = lim (p(x)y 27 (b-x)) (99)

X—b~

whereas in the classical elasticity case, the respective stress intensity factor is: K = P(;zb)fj/2

1,class

corresponding to a pressure distribution p, (x) =Prt (b2 — XZ)‘”_
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Figure 5: Normalized pressure p,b/P as a function of the normalized micromechanical length ¢/b

for selected values of 7~ for Poisson’s ratios (a) v =0 and (b) v =0.5. The values of p, at the limit

between perfect contact and separation are also shown. (c) Normalized stress intensity factor for the

analogous to the flat punch contact problem infinite plate with a double edged crack as a function of

¢/b and selected values of 7~ and Poisson’s ratios.
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The variation of the ratio K, . /K, .. (for the same values of the parameter ") with respect
to //bis illustrated in Figure 5(c). It is observed that the ratio exhibits a finite jump discontinuity at
(/b—0, indeed, K, /K, . rises abruptly as //b departs from zero and then declines

monotonically with increasing values of ¢/b. This discontinuous behavior appears to be typical of

the severe boundary-layer effects predicted by the couple-stress theory in singular stress-

concentration problems (Muki and Sternberg, 1965; Zisis et al., 2014; Gourgiotis and Piccolroaz,

2014). Furthermore, it is noted that as ¢~ increases the ratio K e/Ki e falls below unity. In
particular, when 7~ grows beyond a critical value 7 >, the ratio K, /K e DECOMES zEro for

certain values of //b (e.g. dashed curve - v=0.5 and 7 =0.4). This is due to the fact that the

separation in couple-stress elasticity occurs in lower values of 7, than on the classical elasticity

case (see Figure 2).

7.2 Separation (c<b)

Further increase of 7~ and depending upon the characteristic material length ¢ and Poisson’s
ratio v, separation will occur at the edges of the punch leaving a region of perfect contact 2¢ with
c<b. Figure 6 presents pressure distributions below the punch for different values of 7~ at fixed

¢/c and pressure distributions for different values of ¢/c at fixed 7 . The effect of Poisson’s ratio is

also shown. It is concluded that as 7~ increases, the contact width reduces, increasing the pressure
below the indentor. The response is similar for increasing microstructural length ¢/c. As intuitively
expected, the stiffness of the response increases with increasing Poisson’s ratio.

Finally, results regarding the contact width and the average pressure p,, =P/2c are
summarized in Figures 7a and 7b and their dependence upon the microstructural length ¢ for
different values of 7~ and different Poisson’s ratios v is explored. It is observed that for increasing
¢/c, increasing v and increasing 7" the measured contact width decreases, while the average

pressure increases suggesting a stiffer material response. It can be seen that at the two classical (

*

=157 and 7.

¢/c=0) thermoelasticity limits z +ir =0.524 for v =0 and v =0.5 respectively, no

crit
separation is observed (i.e. ¢/b=1) as expected but immediately for increasing values of //c the

contact changes from perfect to separation. For smaller values of 7~ the contact is perfect throughout
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the flat punch up to a certain value of the ratio ¢//c. Beyond this limit the contact type changes to
separation at the edges of the indenter. For example, as it is shown in Figure 7a, for (z,v) = (1,0) or

(z,v) =(0.4,0.5) perfect contact is attained up to //c < 0.3, however, for further increase of ¢/c

separation will take place at the edges of the indenter.

L '
iy PR L P M M VI N sl P PP PP
0 kd) 0.2 0.4 0.6 0.8 1 0 (D) 0.2 0.4 0.6 0.8 1

x /b x/b

Figure 6: Pressure distributions for (a) selected values of 7~ at fixed //c and (b) selected values of

//c at fixed 7. Only half of the domain is presented due to symmetry. Results are shown for
Poisson’s ratios v =0 and v=0.5.

2pavb

Figure 7: (a) The normalized contact width c¢/b and (b) the normalized average pressure 2p,,b/P
exerted at the indentor. Both are shown as functions of the micromechanical length ¢/c for selected
values of 7. Results are shown for Poisson’s ratio v=0 and v =0.5.
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8. Conclusions

In the present study, we derived general solutions for a basic two—dimensional plane strain
contact problem within the framework of the generalized continuum theory of couple-stress
thermoelasticity. The problem of the indentation of a deformable half-plane by a hot flat punch has
been investigated, solving the singular integral equations resulted from a treatment of the mixed
boundary value problems via integral transforms and generalized functions.

The attained solution describes a mechanical response strongly affected by the characteristic
material length, exhibiting significant departure from the predictions of classical thermoelasticity.
Indeed, when the material microstructure is taken into account (/= 0), the limits in terms of heat
flux (assuming fixed applied load and material properties) at which the type of contact transits from
perfect to separation vary significantly compared to the classical thermoelasticity results (Comninou
et al., 1981). Moreover, as the characteristic material length ¢ increases, with respect to the contact
width, a stiffer material response is attained.

In light of the above, contact phenomena in microstructured materials cannot be adequately

described through classical contact mechanics.

Appendix
Here, we show that the last terms on the RHS of Egs. (72) and (73) respectively, are equal, i.e.

1[0 d8) ey g
Z”J_i 2 fdyJe dg_ajoq(t)dt. (Al)

where & is the distortivity defined as 6= (1-2v) 8/2uk = (1+v)a /k .

To this end, we define the function

H
|_

o

D>

F(x)=—o- %%e“xédg . (A2)

Differentiating with respect to X and recalling that §(&)=—k dé(é,o)/dy, yields
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AF ()1 (Td0(60) ey L (7 pyenegs . 30
x 2z dy dg—zﬂkf_ﬂ(é)e dg=—" (A3)

and, accordingly
F(X)z%jxcq(t)dudo, Ad)

where d, is an arbitrary constant. Due to the symmetry of the problem, the heat flux q(x) is an even

function for |X|<c and, thus, F(X) is odd with F(c)=-F(-c). Then, using (A4) and the

complementary condition in (48);, we obtain
1 e Q
:Ejlcq(t)dudo =+d, and  F (-¢)=d, (A5)

and, consequently, d, =-Q/2k.

In view of the above, Eq. (A4) can be finally written as

:%Ixcq(t)dt o kI q(t)dt+= J.q dt_ﬁzqu : (A6)

which readily shows that (A1) holds.
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