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Abstract

Stress field solutions and Stress Intensity Factors (SIFs) are found for n-cusped
hypocycloidal shaped voids and rigid inclusions in an infinite linear elastic plane
subject to nonuniform remote antiplane loading, using complex potential and con-
formal mapping. It is shown that a void with hypocycloidal shape can lead to a
higher SIF than that induced by a corresponding star-shaped crack; this is counter
intuitive as the latter usually produces a more severe stress field in the material.
Moreover, it is observed that when the order m of the polynomial governing the
remote loading grows, the stress fields generated by the hypocycloidal-shaped void
and the star-shaped crack tend to coincide, so that they become equivalent from
the point of view of a failure analysis. Finally, special geometries and loading con-
ditions are discovered for which there is no stress singularity at the inclusion cusps
and where the stress is even reduced with respect to the case of the absence of the
inclusion. The concept of Stress Reduction Factor (SRF) in the presence of a sharp
wedge is therefore introduced, contrasting with the well-known definition of Stress
Concentration Factor (SCF) in the presence of inclusions with smooth boundary.
The results presented in this paper provide criteria that will help in the design of
ultra strong composite materials, where stress singularities always promote failure.
Furthermore, they will facilitate finding the special conditions where resistance can
be optimized in the presence of inclusions with non-smooth boundary.

Keywords: cusp, stress intensity factor, stress reduction factor, defect, star-shaped
crack.

1 Introduction

The determination of the stress field near a crack, a stiffener, an inclusion, or a defect in
an elastic matrix material is a key problem in the design of composites [1, 2, 4, 8, 18, 16,
33, 35], as such stress fields exhibit strong stress concentrations that can impose severe
limitations on the strength of composites.

In the present article a rigid inclusion or a void is analyzed with a hypocycloidal

shape of order n embedded in an elastic-isotropic plane subject to a remote loading
condition of nonuniform antiplane shear represented as a polynomial of order m. For
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uniform remote load (m = 0), this problem has been thoroughly investigated, for both
the cases of rigid inclusions and voids, when plane [6, 7, 9, 10, 14, 15, 25, 30, 31, 32] or
antiplane [26, 27, 39, 40] conditions prevail; a case of nonlinear elastic behaviour has also
been recently considered [41]. However, the disuniformity in the applied load (m 6= 0),
analyzed here for the first time, yields unexpected and counter intuitive results, which
are important to understand the complexity arising form the highly-varying fields that
can develop in composite materials deformed in extreme conditions. In particular, in
the present work polynomial shear loading at infinity is prescribed (as in [12, 13, 38])
to an elastic-isotropic plane, containing a void or a rigid inclusion with an n-cusped
hypocycloidal shape. This problem is solved in an analytical form both for the stress
full-field and for the stress intensity factor, solutions which reveal several phenomena of
interplay between stress singularities and stress reduction, which remain undetected for
uniform applied loads. The most important of these phenomena are the following.

(i.) Under uniform stress conditions the stress intensity factor at a cusp of an hypocy-
cloidal void is always smaller than that at a tip of a star-shaped crack, so that a crack
tip is more detrimental to strength than a cusp, the same is not true for certain orders
m of polynomial fields of remote loading. In these cases, a hypocycloidal void leads a
material to failure more easily than a star-shaped crack.

(ii.) While for uniform loading a stress singularity is always present at a cusp, for
certain orders m of polynomial fields of remote loading, this singularity can disappear, so
that the stress can lie below the value corresponding to the unperturbed field. This effect
has been quantified by introducing the notion of ‘Stress Reduction Factor’ (SRF), which
is shown to increase with the number n of cusps and to decrease with the order m of the
polynomial load. Note that the concept of SRF contrasts with the well-known definition
of Stress Concentration Factor, introduced in the presence of inclusions with smooth
boundaries and representing the increase of the stress state at the inclusion boundary
with respect to the case when the inclusion is absent.

(iii.) For orders of polynomial loading m much greater than the number n of cusps
of the hypocycloidal inclusion, the stress state generated in the matrix tends to coincide
with that generated by an n-pointed star-shaped crack or rigid inclusion.

Some of the above concepts are elucidated in Fig. 1, where the level sets of the
modulus of the shear stress are plotted from the closed form solution (obtained in Section
3) near three- and six- cusped rigid hypocycloidal inclusions, for quadratic (m = 2)
loadings. The ‘red spots’ visible near the inclusion cusps in Fig. 1 (left column) are the

signature of stress singularity generated when the loading is defined by c
(m)
0 = 0. When

the loading is defined by b
(m)
0 = 0 stress singularities disappear, so that stress reduction

occurs at all the vertices of the inclusion (Fig. 1, right column), where the stress falls
below the value that would be present if the inclusion was absent (see also Fig. 6).

Photoelastic investigations [21, 28] confirm the severe stress fields theoretically pre-
dicted for materials containing stiff inclusions and show that these fields may yield failure
instead of reinforcement for composite materials [11, 17, 23, 29]. Therefore, the results
given in the present article show possibilities of greatly enhancing the strength of com-
posites through the careful design of the inclusion shapes, thus opening the way to the
realization of ultra-strong materials.
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Figure 1: Level sets of dimensionless shear stress modulus τ (m)(x1, x2)/τ
∞(m)(a, 0) near n-cusped rigid

inclusions (n = 3 and n = 6), subject to quadratic (m = 2) remote out-of-plane shearing, showing stress

singularity (left column, c
(m)
0 = 0) and stress reduction (right column, b

(m)
0 = 0). In the figures a stress

singularity corresponds to the appearance of a ‘red spot’ at the inclusion cusp. In the cases showing
stress reduction, the stress singularity is absent and the stress at all the cusps is smaller than that which
would be attained without the inclusion.

2 Out-of-plane elasticity and nonuniform remote con-

ditions

A linear elastic solid with shear modulus µ is considered subject to out-of-plane con-
ditions, so that the only non-vanishing displacement is w(x1, x2) in the x3 direction,
orthogonal to the x1–x2 plane. Constitutive equations lead to the following non-null
shear stress τα3 components (α = 1, 2)

τ13 = µw,1, τ23 = µw,2, (1)

where a comma denotes differentiation with respect to the variables x1 or x2, so that,
in the absence of body forces, equilibrium is expressed by the Laplace equation for dis-
placement field w

∇2w = 0. (2)
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Following [12, 13, 36, 38], an infinite class of boundary conditions for out-of-plane
problems is considered through the following polynomial expression of m-th order (m ∈
N) for the remote displacement applied to an infinite elastic plane. Considering a po-
lar coordinate system (r, θ) centered at the origin of the x1–x2 axes, the polynomial
displacement boundary conditions can be written as

w∞(m)(r, θ) =
rm+1

µ(m+ 1)

[

b
(m)
0 cos ((m+ 1)θ) + c

(m)
0 sin ((m+ 1)θ)

]

, (3)

where b
(m)
0 and c

(m)
0 are two constants defining the boundary condition for each order m of

the polynomial. Polynomial displacement boundary conditions is a key tool in problems
of homogenization for higher-order continua, as a representation of the expansion of the
displacement field near a point [3].

The remote displacement condition (3), through the linear constitutive relationship,
corresponds to the following stress components at infinity















τ
∞(m)
r3 (r, θ) = rm

[

b
(m)
0 cos ((m+ 1)θ) + c

(m)
0 sin ((m+ 1)θ)

]

,

τ
∞(m)
θ3 (r, θ) = rm

[

c
(m)
0 cos ((m+ 1)θ)− b

(m)
0 sin ((m+ 1)θ)

]

.

(4)

Considering the relationship between the Cartesian and the polar systems, the shear
stress components (4) can be expressed as

τ
∞(m)
13 (x1, x2) =

m
∑

j=0

b
(m)
j xm−j

1 xj
2, τ

∞(m)
23 (x1, x2) =

m
∑

j=0

c
(m)
j xm−j

1 xj
2, (5)

where the constants b
(m)
j and c

(m)
j (j = 1, ...,m) are related to the two coefficients b

(m)
0

and c
(m)
0 through

b
(m)
j = (−1)⌊j/2⌋

(

m

j

)

b
(m)
0 (1 + (−1)j) + c

(m)
0 (1− (−1)j)

2
,

c
(m)
j = (−1)⌈j/2⌉

(

m

j

)

b
(m)
0 (1− (−1)j) + c

(m)
0 (1 + (−1)j)

2
,

(6)

where
(

·
··

)

denotes the binomial coefficient, while the symbols ⌊·⌋ and ⌈·⌉ stand repectively
for the largest integer less than or equal to and for the smallest integer greater than or
equal to the relevant argument.

3 Closed-form solution for an infinite elastic plane

containing a void or rigid inclusion with a hypocy-

cloidal shape

In this Section, the closed-form solution is obtained for the out-of-plane problem of a
n-cusped hypocycloidal void or rigid inclusion embedded in an infinite elastic material
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with remote boundary conditions expressed by the polynomial (3). The two-dimensional
Laplace equation (2) for the displacement field w can be solved through the complex
potential technique where the complex variable z = x1+ix2 is introduced. The boundary
of a generic inclusion in an infinite plane can be mapped into a circle of unit radius in the
conformal plane (where the position is given by the variable ζ) by means of a conformal
mapping z = ω(ζ). The out-of-plane elastic problem can therefore be solved through a
complex potential representation g(ζ), related to the displacement w, stresses τ13, τ23,

and shear force resultant F ⌢

BC
(along the arc

⌢

BC) as

w =
1

µ
Re[g(ζ)], τ13 − iτ23 =

g′(ζ)

ω′(ζ)
, F ⌢

BC
= Im [g(ζB)− g(ζC)] . (7)

In the case of hypocycloidal inclusions, with a number n of cusps (n ∈ Z, n ≥ 2), the
function ω(ζ) mapping the exterior region of the inclusion (within the physical z−plane)
onto the exterior region of the unit circle (within the conformal ζ − plane, see the inset
in Fig. 2) is given by [20]

ω(ζ) = aΩ

(

ζ +
1

n− 1
ζ1−n

)

, (8)

where a is the radius of the circle inscribing the inclusion and Ω is the scaling factor of
the inclusion, function of the cusp number n as

Ω(n) =
n− 1

n
∈
[

1

2
, 1

)

. (9)

Note that the conformal mapping for the hypocycloidal inclusion (8) provides the well-
known conformal mappings for line inclusion (crack or stiffener) of length 2a, in the case
n = 2, and for a circle of radius a, in the limit n → ∞, which are respectively given by

ω(ζ) =
a

2

(

ζ +
1

ζ

)

, ω(ζ) = aζ. (10)

Applying the superposition principle, the complex potential g(z) is the sum of the
unperturbed g∞(z) and perturbed gp(z) potentials, the former describing the solution in
the case that the inclusion is absent while the latter defining the perturbation introduced
by the presence of the inclusion

g(ζ) = g∞(ζ) + gp(ζ). (11)

With reference to the polynomial expression (5) for the remote displacement boundary
condition, the unperturbed potential can be rewritten as

g∞(ζ) = T (m) [ω(ζ)]m+1 , (12)

where T (m) is the following function of the loading parameters b
(m)
0 and c

(m)
0

T (m) =
b
(m)
0 − i c

(m)
0

m+ 1
. (13)
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By means of the binomial theorem, the unperturbed potential (12) can be expressed
as

g∞(ζ) = (aΩ(n))m+1 T (m)

m+1
∑

j=0

(

m+ 1

j

)

ζm+1−jn

(n− 1)j
. (14)

Considering that the null traction resultant condition F ⌢

BC
= 0 holds for the hypocy-

cloidal void (χ = 1), while the rigid-body displacement condition wB = wC holds for
(every pair of points B and C along the boundary of) the hypocycloidal rigid inclusion
(χ = −1), the perturbed complex potential gp is obtained in the form

gp(ζ) = (aΩ(n))m+1

{

χT (m)

[

− (qn)!

q! [q(n− 1)]! (n− 1)q
δm+1,qn

+

q
∑

j=0

(

m+ 1

j

)

1

(n− 1)j ζm+1−jn

]

− T (m)

m+1
∑

j=q+1

(

m+ 1

j

)

1

(n− 1)j ζjn−m−1

}

,

(15)

where the integer parameter q = ⌊(m+ 1)/n⌋ is introduced, so that the complex potential
g(ζ) follows from eqn (11) as

(16)

g(ζ) = (aΩ(n))m+1

[

− (qn)!

q! [q(n− 1)]! (n− 1)q
χT (m)δm+1,qn

+

q
∑

j=0

(

m+ 1

j

)

1

(n− 1)j

(

T (m)ζm+1−jn +
χT (m)

ζm+1−jn

)]

.

It is worth noting that solution (16) simplifies in some special cases, as

• n > m+ 1 (or, equivalently, q = 0)

g(ζ) = (aΩ(n))m+1

[

T (m)ζm+1 +
χT (m)

ζm+1

]

, (17)

which is similar to the solution in the conformal plane for the circular and polygonal
inclusions;

• m = 0 (corresponding to the case of uniform antiplane shear [9])

g(ζ) = aΩ(n)

[

T (0)ζ +
χT (0)

ζ

]

. (18)

4 Stress singularities and stress reduction

As in the cases of cracks and rigid line inclusions [12, 13, 19, 37], a square root stress
singularity at the cusps of an hypocycloidal void or rigid inclusion is predicted in the
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theory of elasticity [9, 27, 14, 30]. In this section the Stress Intensity Factors are derived
as functions of the cusp number n and of the polynomial order m of the load. Moreover,
conditions for which stress singularities disappear are defined and a special feature is
observed, namely, the stress reduction, which corresponds to the fact that the stress
measured at the cusp is smaller than that present at the same point in the absence of
the inclusion.

From the solution (16) obtained in the previous Section, the stress field near a n-
cusped hypocycloidal void and rigid inclusion is given by

τ
(m)
13 − iτ

(m)
23 =

(aΩ(n))m

(1− ζ−n)

q
∑

j=0

(

m+ 1

j

)

m+ 1− nj

(n− 1)j

(

T (m)ζm−jn − χT (m)

ζm+2−jn

)

. (19)

Focusing the attention on the inclusion cusp located at the point (x1 = a, x2 = 0) and
introducing a local reference system centered in the mapped cusp (ζ∗ = ζ− 1), the stress
fields (19) can be expanded about the cusp in the limit of |ζ∗|→ 0 (corresponding to the
limit z → a) as

τ
(m)
13 −iτ

(m)
23 ≈ (aΩ(n))m

n(m+ 1)ζ∗

[

b
(m)
0 (1− χ)− ic

(m)
0 (1 + χ)

]

q
∑

j=0

(

m+ 1

j

)

(m+ 1− jn)

(n− 1)j
. (20)

Expansion of the conformal mapping (8) leads to the asymptotics between the relative

coordinate z∗ = ρeiϑ and the conformal relative coordinate ζ∗ in the form

ζ∗ ≃
√

2ρ

a(n− 1)
e
iϑ
2 , (21)

so that the shear stress components can be approximated around the cusp as

(22)

τ
(m)
13 − iτ

(m)
23 ≃ 1√

2ρ

[a(n− 1)]m+ 1
2

(m+ 1)nm+1

[

b
(m)
0 (1− χ)− ic

(m)
0 (1 + χ)

]

(

cos
ϑ

2

− i sin
ϑ

2

) q
∑

j=0

(

m+ 1

j

)

(m+ 1− jn)

(n− 1)j
,

highlighting the square root singularity in the stress field at the cusp, as predicted by
the asymptotics around sharp notch [25].

4.1 Stress Intensity Factors

Stress Intensity Factors (SIFs) for the symmetric and the anti-symmetric out-of-plane
problem are defined, respectively, as follows [34]

KS
III = lim

ρ→0

√

2πρ τ13(ρ, 0), KA
III = lim

ρ→0

√

2πρ τ23(ρ, 0), (23)
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so that, considering the asymptotic stress field (22), the expression of the SIFs for a n-
cusped hypocycloidal inclusion can be analytically obtained in the following closed-form
expression
[

KS
III(n,m)

KA
III(n,m)

]

=

√
πa(n− 1)m+ 1

2am

nm+1(m+ 1)

[

q
∑

j=0

(

m+ 1

j

)

(m+ 1− jn)

(n− 1)j

]





(1− χ)b
(m)
0

(1 + χ)c
(m)
0



 . (24)

Recalling that the definition (5) for the remote applied shear stress implies

τ
∞(m)
13 (x1 = a, 0) = b

(m)
0 am, τ

∞(m)
23 (x1 = a, 0) = c

(m)
0 am, (25)

the particularization of eq (24) to the case of a void or a rigid n-cusped hypocycloidal
inclusion, leads to
[

K✦S
III(n,m)

K✧A
III (n,m)

]

=
2
√
πa(n− 1)m+ 1

2

nm+1(m+ 1)

[

q
∑

j=0

(

m+ 1

j

)

(m+ 1− jn)

(n− 1)j

][

τ
∞(m)
13 (a, 0)

τ
∞(m)
23 (a, 0)

]

, (26)

and
K✧S

III(n,m) = K✦A
III (n,m) = 0, (27)

where the apexes ✧ and ✦ have been introduced to distinguish between the cases of voids
and rigid inclusions.

2
3

n=6

Figure 2: Stress Intensity Factors for n-cusped hypocycloidal voids K✧A
III , eq (26), normalized through

division by the unperturbed stress evaluated at the inclusion cusp τ∞23 (a, 0), as a function of the order
m of the remote loading. Note that the curves also represent the Stress Intensity Factors for n-cusped
hypocycloidal rigid inclusions K✦S

III , when normalized through division by the unperturbed stress evalu-
ated at the inclusion cusp τ∞13 (a, 0). The inset shows the conformal mapping transforming the exterior
region of a hypocycloidal inclusion (inscribed in a circle of radius a) into the exterior region of a circular
inclusion of unit radius in the ζ-plane.

Expression (26) for the SIFs simplifies in the special case n > m + 1 (and therefore
q = 0)

[

K✦S
III(n,m)

K✧A
III (n,m)

]

=
2
√
πa(n− 1)m+ 1

2

nm+1





τ
∞(m)
13 (a, 0)

τ
∞(m)
23 (a, 0)



 . (28)
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The above case (28) embraces an infinite set of solutions, one of such solutions is that
for an astroid (n = 4) subject to uniform, linear and quadratic remote out-of-plane shear
load (m = 0, 1, 2). Moreover, expression (26) reduces to the values obtained for SIFs in
the case of cracks or stiffeners (n = 2)

[

K✦S
III(n = 2,m)

K✧A
III (n = 2,m)

]

=

√
πa

2m(m+ 1)

[

q
∑

j=0

(

m+ 1

j

)

(m+ 1− 2j)

]





τ
∞(m)
13 (a, 0)

τ
∞(m)
23 (a, 0)



 . (29)

Note that, in the particular case of uniform antiplane shear (m = 0), equation (26)
provides the same result as equation (4.142) in [9].

The SIFs for a n-cusped hypocycloidal inclusion (26) satisfy the following properties

K✧A
III (n,m)

τ
∞(m)
23 (a, 0)

≥ K✧A
III (n,m+ 1)

τ
∞(m+1)
23 (a, 0)

,
K✦S

III(n,m)

τ
∞(m)
13 (a, 0)

≥ K✦S
III(n,m+ 1)

τ
∞(m+1)
13 (a, 0)

, (30)

and are reported in Fig. 2 for different values of n and m. These values are also reported
in Fig. 3 through normalization with the respective values for n-pointed star-shaped
inclusions [13]

[

K★S
III(n,m)

K✩A
III (n,m)

]

=
2

3n−4(m+1)
2n

√
πa

(m+ 1)
√
n

[

q
∑

j=0

(m+ 1− jn)

j!

j−1
∏

l=0

(

2(m+ 1)

n
− l

)

][

τ
∞(m)
13 (a, 0)

τ
∞(m)
23 (a, 0)

]

.

(31)
It can be noted from Fig. 3 that:

• differently from the uniform loading case (m = 0), the stress intensification around
a cusp can be higher than that occurring around a crack, so that a cusp can be more
detrimental to failure than a crack for certain values of m. Moreover, the following
relations have been found numerically (an analytical proof looks awkward) to hold
for every value used for n and m

K✧A
III (n,m = n−1) ≥ K✩A

III (n,m = n−1), K✦S
III(n,m = n−1) ≥ K★S

III(n,m = n−1).
(32)

• While the ratio between the SIFs for a hypocycloidal void and a star-shaped crack
displays a monotonic increase for m < n− 1, an oscillatory behaviour around 1 is
observed for m > n−1. Such an oscillation in the SIFs’ ratio evidences a decreasing
amplitude, with peaks corresponding to the values m = nj−1 (j ∈ N1). Therefore,
when m ≫ n, the SIF for the hypocycloidal inclusion approaches that for star-
shaped inclusion, namely, the following relations have been numerically found to
hold

K✩A
III (n,m) ≃ K✧A

III (n,m), K★S
III(n,m) ≃ K✦S

III(n,m), if m ≫ n. (33)

Since the asymptotics for a cusp and a crack coincide, when m ≫ n the hypocy-
cloidal void and the star-shaped crack tend to become mechanically equivalent, thus

9
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inducing the same stress field in the elastic plane. This property is also highlighted
in Fig. 4, where the level sets for the shear stress modulus

τ =
√

τ 213 + τ 223, (34)

around a hypocycloidal rigid inclusion and a star-shaped stiffener are compared
and shown to coalesce at high m.

2

3

4

5
6

10

25
n=2 n=3 n=4 n=5 n=6 n=10 n=25

Figure 3: Ratio between the Stress Intensity Factors for an n-cusped hypocycloidal void K✧A
III , eqn

(29), and that for an n-pointed star-shaped crack K✩A
III , eqn (31), as a function of the order m of the

remote loading. A mechanical equivalence for the two geometries is observed when m ≫ n. Note that
the curves also represent the Stress Intensity Factors ratio for an n-cusped hypocycloidal rigid inclusion
K✦S

III and for an n-pointed star-shaped stiffener K★S
III .

4.2 Stress Reduction Factors

In the cases of a void (χ = 1), loaded with c
(m)
0 = 0, or a rigid inclusion (χ = −1), loaded

with b
(m)
0 = 0, the following equation holds

b
(m)
0 (1− χ)− ic

(m)
0 (1 + χ) = 0, (35)

and the asymptotic stress, eq. (22), loses the singular behaviour at the considered cusp,
(x1 = a, x2 = 0), so that the asymptotics is ruled by the second-order term, the well-
known S-stress ([24] and [34]). The second-order expansion for the stress field (19) around
ζ = 1 leads to

(36)τ
(m)
13 − iτ

(m)
23 =

(n− 1)mam

nm+1

q
∑

j=0

(

m+ 1

j

)

(m+ 1− jn)2

(n− 1)j
[

T + χT
]

,
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Figure 4: Level sets of dimensionless shear stress modulus τ (m)(x1, x2)/τ
∞(m)(a, 0) highlighting stress

singularities near n-cusped rigid inclusions (left column) and n-pointed star-shaped stiffeners (central

column) at different orders m of shear load (c
(m)
0 = 0). The right column shows comparisons between

the two stress fields reported in the left and central columns near the inclusion vertex having coordinates
x1 = a and x2 = 0. The mechanical equivalence can be noted between the two inclusion geometries
for m ≫ n. Note that these level sets also represent the stress state near an n-cusped hypocycloidal
void (left column) and an n-pointed star-shaped crack (central column) in the case when the loading is

provided by b
(m)
0 = 0.

so that, recalling eq (25), the stress state at the cusp point (a, 0) of an hypocycloidal
void or a rigid inclusion can be obtained from eq (36) respectively as

{

τ
✧(m)
13 = A(n,m)τ

∞(m)
13 (a, 0),

τ
✧(m)
23 = 0,

{

τ
✦(m)
13 = 0,

τ
✦(m)
23 = A(n,m)τ

∞(m)
23 (a, 0),

(37)
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where A(n,m) is the following function of the number of cusps n and the loading order
m

(38)A(n,m) =
2

(m+ 1)nm+1

q
∑

j=0

(

m+ 1

j

)

(m+ 1− jn)2

(n− 1)j−m
.

When the loading condition (35) holds, a new parameter, the Stress Reduction Factor
(SRF), can be defined as a dimensionless measure of the stress decrease at the hypocy-
cloidal (void or rigid) cusp point with respect to the stress measured at the same point
when the inclusion is absent,1

SRF(n,m) := 1− τ (m)(a, 0)

τ∞(m)(a, 0)
= 1−A(n,m) ∈ [0; 1), (39)

so that the stress state at the cusp point is described by

τ (m)(a, 0) = [1− SRF(n,m)] τ∞(m)(a, 0). (40)

Values of the SRF, eq (39), are reported in Fig. 5 at varying number n of cusps and
for different orders m of the applied remote polynomial out-of-plane shear loading. It
can be noted from the figure that two limit values are attained: (i.) SRF −→ 1, when
n grows at fixed m (see Fig. 5 upper part) and (ii.) SRF −→ 0, when m grows at
fixed n (see Fig. 5 lower part). These two limit values, SRF=1 and SRF=0 correspond
respectively to a stress annihilation and to an unchanged stress amount at the cusp
point. It can be observed that the latter limit value is achieved in the case of n = 2
(linear inclusions, crack or stiffener), SRF(n = 2,m) = 0, corresponding to the condition
of inclusion invisibility or neutrality discussed in [13]. It is also worth to note that the
annihilation condition related to SRF=1 also occurs for a different type of inclusions,
namely, polygonal voids or rigid inclusions [13].

The following properties for the SRF have been numerically verified (while a rigorous
proof seems to be awkward) to hold

SRF(n,m+ 1) ≤ SRF(n,m) ≤ SRF(n+ 1,m), (41)

SRF(n,m = n) = SRF(n,m = n− 1) = SRF(n,m = n− 2). (42)

Finally, singularities disappear, and therefore stress reduction occurs, at all cusps
of an hypocycloidal inclusion, whenever the following condition is satisfied (for every
j ∈ N1)

m = [3− (−1)n]
j n

4
− 1. (43)

The level sets of the dimensionless shear stress modulus τ (m)(x1, x2)/τ
∞(m)(a, 0) near

rigid hypocycloidal inclusions n = 3 (upper part) and n = 6 (lower part) are reported in
Fig. 1 for quadratic out-of-plane loading (m = 2). The figure highlights cases of stress

singularity (left column, c
(m)
0 = 0) and stress reduction (right column, b

(m)
0 = 0). Stress

1The concept of Stress Reduction Factor introduced here should not be confused with an analogous
terminology used in rock mechanics [5] or in seismic engineering [22].
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Figure 5: SRF reported as a function of the number n of cusps for a hypocycloidal void or a rigid
inclusion, for different orders m of the applied remote polynomial out-of-plane shear loading. The graphs
show the properties expressed by equations (41) and (42).

reduction vs stress singularity is also depicted in Fig. 6, through the representation of
the dimensionless shear stress modulus as a function of the distance from the cusp tip
along the x1-axis, for the cases considered in Fig. 1. While the stress blows up to infinity
as a square root singularity in the case of c

(m)
0 = 0, the stress approaches a finite value,

smaller than that unperturbed, in the case of b
(m)
0 = 0.

Cases of partial stress reduction occur when stress reduction is verified at some cusps,
but not at the other, namely, eq (35) holds while eq (43) does not. Examples of such
cases are reported in Fig. 7 for rigid hypocycloidal inclusion with five and eight cusps.
Uniform (m = 0) and quadratic (m = 2) out-of-plane shear loadings are applied. These
cases feature cusps at which the stress falls to a value smaller than that would be attained
at the same point in the absence of the inclusion, while stress singularities are still present
at the other cusps.

13



Published in Journal of Elasticity 126, 215–229 (2017)
doi: http://dx.doi.org/10.1007/s10659-016-9590-5

c = 0, Stress singularity

0

( )m

b
= 0, Stre

ss re
ductio

n

0

(
)m

Unperturbed

Rigid

n=3

Rigid

n=6

0.694

0.889

n=3

n=6

n=3

n=6

Figure 6: The shear stress modulus ahead of the cusp is reported as a function of the radial distance
from the apex of three- and six- cusped hypocycloidal inclusions for quadratic (m = 2) remote out-of-
plane shearing (the same case is considered in Fig. 1). Stress singularity and stress reduction are visible

at the inclusion cusp for the two considered loading conditions, c
(m)
0 = 0 and b

(m)
0 = 0, respectively.

5 Conclusions

Voids and rigid inclusions with hypocycloidal shapes embedded in an infinite elastic plane
subject to remote polynomial antiplane loading were analyzed. The solutions to these
problems were solved in terms of full-field representation and stress intensity factors.
It has been shown that in certain situations cusps can act to reduce stress instead of
increasing it, as might be expected. This effect has been quantified by introducing the
notion of Stress Reduction Factor. Moreover, it has been shown that when the order of the
applied antiplane shear load is increased, the hypocycloidal-shaped inclusion generates a
stress field that tends to coincide with the stress field generated by a star-shaped crack
or stiffener. The obtained results can be used as a guide for the design of composites
with superior mechanical characteristics.
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