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Abstract

The non-smooth dynamics is investigated for an elastic planar metainterface composed by two layers
of buckling elements, each one allowing motion on one side only. Through the analogy between buckling
and unilateral contact and by assuming no-bouncing at impact, the motion of the relevant two degrees of
freedom system is reduced to that of a single degree governed by a piecewise-smooth differential equation.
The metainterface dynamics has strong similarities with the rocking motion of rigid blocks and displays
several types of dynamic bifurcations in the presence of oscillatory forces, including period doubling, branch
point cycle, grazing, as well as quasi-periodic and chaotic responses. Moreover, the multistable response is
found to be broaden to conditions representative of monostable states within a quasi-static setting, disclosing
a multistability anticipation by dynamics. The wide landscape of the dynamic response for the buckling based
metainterface provides a novel theoretical framework to be exploited in the design of mechanical devices for
vibration attenuation and for energy harvesting.
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1 Introduction

Mechanical instability, a classical scientific field initiated around a quarter of millennium ago by Euler, is
nowadays living a second youth. Beside the traditional design principles relied on the rule to avoid instabilities,
a new paradigm emerged over the last decades: to exploit instabilities for attaining novel and desired features
[1]. This new design perspective is being explored in many technological sectors, encompassing high-damping
and energy-absorbing systems [2, 3, 4, 5], wave guiding and manipulation [6, 7, 8], deployable structures
[9, 10, 11] and locomotion [12, 13]. Towards a further advancement in these sectors, several intriguing findings
have been recently discovered in the realm of structural stability as, for example among the many, the buckling
under tensile load [14, 15], the self-restabilization of the trivial path for one-dimensional [16, 17, 18] and bi-
dimensional [19, 20, 21] structures, the flutter instability of conservative systems triggered by non-holonomic
constraints [22, 23], the snapping, coiling, and folding of structures through interaction with fluids [24, 25, 26],
and instability-driven morphologies [27, 28, 29].

The modeling and design of meta-structures and meta-interfaces is a challenging task for scholars and
researchers in mechanics towards the achievement of a designed, tuned, response from a structure or a material
(the reader is refereed to [30, 31, 32] for mechanical metamaterials, metadevices, and microsystems integration
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in metamaterials). Interesting phenomena such as complex nonlinear dynamics, bifurcations, chaotic motions
may arise and need for an in-depth analytical, numerical and experimental investigation, as the behaviour of
many mechanical systems relies on the large amplitude motion of their components. For example, concepts
from dynamical system theory are applied to build up a framework for designing fully nonlinear motions of
lattice mechanical materials [33]. Complex dynamics can also take place in nonlinear piezoelectric mechanical
systems, where linear and nonlinear damping together with piezoelectric coupling may entail some challenging
issues in passive control of flutter instability and post-critical behaviour [34, 35]. Moreover, stress and strain
distributions may be controlled through active mechanical metamaterials, as for example by means of piezostack
actuators and compliant mechanisms, interconnected to an active metamaterial lattice [36]. Advanced dynamic
performances can be also attained through specific periodic microstructures realized with, among different
topologies, one-dimensional cellular lattices build up by a pantograph mechanism in the tetra-atomic cell and
behaving as an inertially amplified metamaterial [37].

Within this context, the mechanical response of an elastic metainterface (Fig. 1-a) based on two layers
of buckling elements is investigated. The unit structural cell of this interface (Fig. 1-b) is composed by stiff
bars joined together through hinges and it can be deformed by storing the elastic energy in two rotational
springs and by means of the slider presence along two diagonal bars. In particular, the slider enables the
bifurcation of the relevant bar at null tensile axial force, which in turn may be exploited to realize a desired
mechanical behaviour. The quasi-static behaviour of this unit element has been analyzed in [38] by showing
(i.) the equivalence of the tensile (or compressive) buckling element with a unilateral constraint and (ii.) the
possibility to realize a multistable device with tunable mechanical response, despite the corresponding small
number of degrees of freedom.

Figure 1: (a) The metainterface based on two layers of tensile-buckling elements and displaying a piecewise-
smooth dynamics. (b) The unit structural cell composed by stiff bars, rotational springs, dampers and sliders.
(c) Vibrations trajectories for a nonconservative tristable metainterface under constant symmetric loading
conditions (dataset of Fig. 4-c) within the rotation-angular velocity-total energy space, together with the
system discontinuity plane (grey) corresponding to the undeformed configuration.

The objective of the present research is to extend the mechanical behaviour analysis of the unit cell to
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dynamic conditions. The kinematics of this system is dependent on two degree of freedom system (Sect.
2) and the motion is governed by two coupled nonlinear ordinary differential equations subject to unilateral
constraints (Sect. 3). Such constraints limit each layer of the structure to a unilateral motion, which in turn
leads to various impact scenarios, differing in the bouncing, no-bouncing, or partial-bouncing of the impacting
layer (Sect. 4). Under the assumption of no bouncing occurrence, the motion analysis reduces to that of a
single degree of freedom described by a piecewise-smooth differential equation [39, 40, 41], with the switching
plane corresponding to the undeformed equilibrium configuration. The non-smoothness in the response is
always realized through an acceleration jump and, depending on impact dissipation phenomena, also through
a possible velocity jump.

Vibration analysis under constant symmetric loading reveals strong similarities with the classical rocking
motion of rectangular rigid bodies in rigid surfaces (Sect. 5), mainly differing for the absence of the first order
term of the rotations due to rotational spring in the present system. Small amplitude vibration analysis sheds
light over the finite time decay of the free rocking-like motion (Sect. 5.1). Phase portraits at large amplitude
vibrations disclose the influence of different damping mechanisms and system non-symmetry on the motion,
showing the possible existence of three stable attractors within a feasible range of deformations (Sect. 5.2).
Moreover, systems with extreme stiffness ratios display an intriguing bouncing-like behaviour even under no
bouncing assumption (Sect. 5.3).

Response spectra and bifurcation diagrams reveal a rich mechanical behaviour of the system under oscil-
latory loading conditions, including primary and super-harmonic resonances, period-doubling cascades, quasi-
periodic and chaotic behaviour, grazing, and coexistence of stable equilibrium paths within a chaotic region
(Sect 6). Finally, depending on the force velocity, the interplay between external and parametric excitation may
provide a bistable response at load amplitudes corresponding to a monostable response under the quasi-static
assumption. As a consequence, dynamic effects realize a multistability anticipation for the system.

The obtained results show the possibility to harness bifurcation phenomena of the present structural system
to display highly desirable mechanical features, without compromising the global stability of the system.
Moreover, the multistable and multisource dissipation mechanisms embedded in the considered metainterface
concept open new possibilities in the design of technological devices for vibration attenuation and energy
harvesting.

2 Mechanical model for the structural unit cell

The mechanical response is addressed for a planar structural system made up of two layers of an articulated
quadrilateral structure with parallelogram shape, realized by rigid bars connected to one another through
hinges and with dimension scaled through the length l corresponding to that of the inclined bars along the
parallelogram perimeter (Fig. 2). Two visco-elastic hinges are present by adding linear rotational springs of
stiffness K1 and K2, and dashpots of viscous coefficients C1 and C2 respectively to the hinges located at the
points ‘A’ and ‘B’, while two sliders are located at the mid-span of a diagonal of each parallelogram. Since each
slider constraints the continuity in axial and rotational displacements but allows for a jump in the transverse
displacement, the j-th layer may deform into another parallelogram described by the configuration angles αj

and βj , which are functions of the misalignment angle φj displayed at the relevant slider as

αj(φj) = arccos

(
ψ

2λ cosφj
+ χ cosφj

)
, βj(φj) = arccos

(
cosβ0 − ψ tan2 φj

)
≥ β0, (1)

where ψ, λ and χ are constants defined as

ψ =
sinβ20

2 sinα0 sin(α0 + β0)
, λ =

sinβ0
2 sinα0

> 0, χ =
sin(2α0 + β0)

sin(α0 + β0)
, (2)

being α0 and β0 the angles describing the undeformed configuration, αj(ϕj = 0) = α0 and βj(ϕj = 0) = β0,
and subject to the following constraints

α0 > 0, 0 < β0 < π, α0 + β0 < π. (3)
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Figure 2: (a) Undeformed and (b) deformed configuration for the unit structural cell composing the metain-
terface in Fig. 1. The unit cell is made up of two articulated quadrilateral structures, each one composed of
rigid bars and containing a visco-elastic hinge (of stiffness Kj and viscous coefficient Cj , j = 1, 2) and a slider
at the midpoint of the diagonal bar within the parallelogram. Loading is applied by means of horizontal Hj(t)
and vertical Vj(t) forces at the j-th layer and of ground horizontal Uh(t) and vertical Uv(t) displacements. The
deformed configuration can be described through the misalignment angles φj or through the difference angles
θj , where the latter measure is the most appropriate to investigate the dynamic response.

The inertia of the system is modelled through the massMj attached to the central point along the top edge
of the j-th layer. Because the motion of the top edge of each layer is described by a rigid translation without
any rotation, the possible presence of rotational inertia has no effect in the present analysis. The position of the
mass relevant to the j-th layer is described with varying of the physical time t through its absolute coordinates
Xj(t) and Yj(t), evaluated as {

Xj(t) = Uh(t) + xj(t),

Yj(t) = Uv(t) + yj(t),
(4)

where xj(t) and yj(t) are the relative coordinates of the same point measured in the x− y non-inertial frame,
attached to the lattice base and with origin located at the lower left hinge, while Uh(t) and Uv(t) measure the
ground motion of the x− y non-inertial frame with respect to the X − Y inertial frame.

In order to proceed with a non-dimensional analysis, the dimensionless time τ is introduced as

τ =
t

T
, (5)

where the characteristic time T is considered as

T =

√
M2l2

K2
. (6)

Moreover, dimensionless ground motion components are introduced as

ζ(τ) =
Uh(τ)

l
, ν(τ) =

Uv(τ)

l
, (7)
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as well as the following relative dimensionless horizontal and vertical coordinates

ξ1(τ) =
x1(τ)

l
+

sin (α0 − β0)

2 sinα0
, ξ2(τ) =

x2(τ)− x1(τ)

l
− cosβ0,

η1(τ) =
y1(τ)

l
, η2(τ) =

y2(τ)− y1(τ)

l
.

(8)

Interestingly, the deformed configuration of the j-th layer can also be described through the difference angle
θj at the respective visco-elastic hinge, defined as a function of the misalignment angle φj through

θj(τ) = (−1)j [βj(φj(τ))− β0] , (9)

implying the following inequalities

θ1(τ) ≥ 0, θ2(τ) ≤ 0 ⇒ θ1(τ)θ2(τ) ≤ 0. (10)

In the quasi-static analysis of the present system [38], it has been shown that the deformed configuration
of the layers is realized through a bifurcation of system referred to the misalignment angles φj or in the
presence of unilateral constraints when the difference angles θj are considered, because restricted to satisfy
eqn. (10). Although in practical terms the two measures of angles are equivalent within a quasi-static setting,
the difference angles θj(τ) represent the best measure to refer when performing a dynamic analysis. Indeed,
the misalignment angle φj assumes infinite velocity at the impact of the j-th layer, namely when it approaches
zero, providing difficulties in the convergence of numerical integration of the equation of motions at each impact
condition. This is made evident by recalling that the misalignment and the difference angles are related to
each other under small rotations through

|θj(τ)| ≈
ψ

sinβ0
φ2
j (τ), for |φj | → 0, (11)

and evaluating its derivative, ∣∣∣θ̇j(τ)∣∣∣ ≈ 2ψ

sinβ0
|φj(τ)| |φ̇j(τ)| , (12)

the singular behaviour of the misalignment angle velocity φ̇j(τ
∗) at the impact time τ∗ (defining φj(τ

∗) = 0) is

implied by assuming a corresponding finite magnitude of the difference angle velocity
∣∣∣θ̇(τ∗)∣∣∣. This behaviour

is graphically represented in Fig. 3 through a) the generic evolution in time of the angle measures and b) their
phase portraits are reported for time τ close to that of impact τ∗.

Due to the above-mentioned motivation, it is instrumental to express the kinematic parameters ξj , and ηj
to the respective difference angle θj through the following expressions 1

ξj(τ) = −(−1)j
(
cosβ0 − cos

(
β0 − (−1)jθj(τ)

))
, ηj(τ) = sin

(
β0 − (−1)jθj(τ)

)
. (14)

Finally, it is noted that the j-th parallelogram reduces into a line segment when the difference angle takes
the following special values

|θj | = θ
[n]
, where θ

[n]
= nπ − β0, n ∈ N. (15)

1For completeness, the configuration angle αj as a function of the difference angle θj is given by

αj(τ) = arcsec

[√
cosβ0 − cos (β0 + (−1)jθj(τ)) + ψ

ψ

2λ

cosβ0 − cos (β0 + (−1)jθj(τ)) + 2λχ+ ψ

]
. (13)
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Figure 3: Schematic representation of (a) the evolution in the dimensionless time τ and of (b) the phase
portraits for modulus of the misalignment angle |φ| and the difference angle |θ| just before the impact time τ∗.
A singular value for the velocity of the misalignment angle is displayed at the impact, |φ̇(τ∗)| → ∞, therefore
the dynamic analysis of the structural system has to be performed with reference to the difference angle θ(τ)
in order to overcome numerical integration issues.

The above condition evaluated at n = 1 may represent a limitation to the motion of the system if impact
between the different rigid bars occurs. However, if the related dimension of connected object allows, this
situation can be circumvented by realizing the structural system exploiting the out-of-plane direction. Indeed,
when the rigid bars are located on different planes, their rotations can monotonically increase in magnitude
without any limitation except for the energy that can be possibly stored within the respective rotational spring.
In any case, independently of this aspect, eqn. (15) defines an upper bound to the magnitude of the relative
horizontal displacement ξj that can be displayed by the mass Mj

|ξj | < ξ, where ξ = 1 + cosβ0. (16)

3 The Lagrangian and the equations of motion

The kinetic energy T of the system under consideration (Fig. 2) can be expressed as a function of the difference
angles θj and their velocities θ̇j (j = 1, 2) as

T =
K2

2

2∑
j=1

[(2− j)m+ j − 1]

{[
ζ̇(τ) + (j − 1) sin(β0 + θ1(τ))θ̇1(τ) + sin

(
β0 − (−1)jθj(τ)

)
θ̇j(τ)

]2
+
[
ν̇(τ) + (j − 1) cos(β0 + θ1(τ))θ̇1(τ)− (−1)j cos(β0 − (−1)jθj(τ))θ̇j(τ)

]2}
,

(17)

while its potential energy Π is given as the sum of the elastic energy stored in the two rotational springs as
follows

Π =
K2

2

2∑
j=1

[(2− j)k + j − 1]θj(τ)
2, (18)
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with the mass ratio m and the stiffness ratio k introduced as

m =
M1

M2
, k =

K1

K2
. (19)

The presence of the viscous dampers (with damping coefficient Cj) at the hinges located at points ‘A’ and
‘B’ (Fig. 2), to account for the possible air resistance and other sources of dissipation during the motion, leads
to the following Rayleigh dissipation function R

R = K2
C
2

2∑
j=1

[(2− j)c+ j − 1]θ̇j(τ)
2, (20)

where the dissipation ratio c and the damping ratio C are introduced as

c =
C1

C2
, C =

C2

M2l2
. (21)

By considering the Lagrangian L = T −Π and the Rayleigh dissipation function R, the equations of motion
can be obtained through the Euler-Lagrange equation,

d

dτ

∂L
(
θ̇1, θ̇2, θ1, θ2

)
∂θ̇j

−
∂L
(
θ̇1, θ̇2, θ1, θ2

)
∂θj

+
∂R

(
θ̇1, θ̇2

)
∂θ̇j

= Qθj (τ), j = 1, 2, (22)

where Qθj (τ) is the generalized external forces evaluated through the principle of the virtual work for a
virtual rotation δθj . By assuming the set of horizontal H1(t), H2(t) and vertical V1(t), V2(t) forces acting on
the masses M1 and M2 (as sketched in Fig. 2), the generalized forces Qθj (τ) are evaluated as

Qθj (τ) = K2

[
(1 + h(τ))2−j H(τ) sin(β0 − (−1)jθj(τ))

−(−1)j (1 + v(τ))2−j V(τ) cos(β0 − (−1)jθj(τ))
]
,

j = 1, 2, (23)

where the dimensionless external horizontal H(τ) and vertical V(τ) forces and their respective ratios, h(τ)
and v(τ), have been introduced as

H(τ) =
H2(τ)l

K2
, V(τ) = V (τ)l

K2
, h(τ) =

H1(τ)

H2(τ)
, v(τ) =

V1(τ)

V2(τ)
. (24)

The equations of motion are then given by the following system of two coupled nonlinear ordinary differential
equations for the difference angles θj(τ), restricted by the inequalities (10),

M (θ1(τ), θ2(τ))

{
θ̈1(τ)

θ̈2(τ)

}
+C

{
θ̇1(τ)

θ̇2(τ)

}
+D (θ1(τ), θ2(τ))

{
θ̇21(τ)

θ̇22(τ)

}

+K (θ1(τ), θ2(τ))

{
θ1(τ)

θ2(τ)

}
= f (θ1(τ), θ2(τ)) ,

(25)

where M is the (symmetric) mass operator, C is the diagonal viscous damping matrix, D is the (skew-
symmetric) operator multiplying the squared angular velocities (springing from kinetic nonlinearities), K is
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the diagonal stiffness operator, and f is the equivalent force vector, defined as

M =

[
m+ 1 − cos (2β0 + θ1(τ)− θ2(τ))

− cos (2β0 + θ1(τ)− θ2(τ)) 1

]
, C = C

[
c 0

0 1

]
,

D =

[
0 − sin (2β0 + θ1(τ)− θ2(τ))

sin (2β0 + θ1(τ)− θ2(τ)) 0

]
, K =

[
k 0

0 1

]
,

f =


[
(1 + h(τ))H(τ)− (m+ 1)ζ̈(τ)

]
sin(β0 + θ1(τ)) + [(1 + v(τ))V(τ)− (m+ 1)ν̈(τ)] cos (β0 + θ1(τ))[

H(τ)− ζ̈(τ)
]
sin(β0 − θ2(τ))− [V(τ)− ν̈(τ)] cos(β0 − θ2(τ))

 .

(26)
Under the assumption of oscillations with small amplitudes θj(τ), the equations of motion (25) can be

rewritten as the first order truncation of Taylor series as

M0

{
θ̈1(τ)

θ̈2(τ)

}
+C

{
θ̇1(τ)

θ̇2(τ)

}
+K0(τ)

{
θ1(τ)

θ2(τ)

}
= f0(τ), (27)

where

M0 =

[
m+ 1 − cos 2β0

− cos 2β0 1

]
, K0 =

[
κ1(τ) 0

0 κ2(τ)

]
,

f0 =

sinβ0

[
(h(τ) + 1)H(τ)− (m+ 1)ζ̈(τ)

]
+ cosβ0 [(v(τ) + 1)V(τ)− (m+ 1)ν̈(τ)]

sinβ0

[
H(τ)− ζ̈(τ)

]
− cosβ0 [V(τ)− ν̈(τ)]

 ,

(28)

with
κj(τ) = k2−j + (−1)j cosβ0

[
(h(τ) + 1)2−j H(τ)− (m+ 1)2−j ζ̈(τ)

]
+sinβ0

[
(v(τ) + 1)2−j V(τ)− (m+ 1)2−j ν̈(τ)

]
.

(29)

It is noted that both the equivalent force vector f0 and the stiffness operator2 K0 have non-constant coefficients
whenever the external forces or the ground accelerations vary in time, providing a simultaneous external and
parametric excitation to the system.

The obtained equations of motion are complemented in the next Section by the analysis of the possible
impact scenarios introduced by the unilateral constraints (10) on the difference angles θj(τ).

4 Impact scenarios, no bouncing assumption, and reduction to a single degree of freedom

During the motion, the deformed s-th layer of the planar structure may return to its undeformed configuration
at the time τ∗, θs(τ∗) = 0. Because the s-th layer can not smoothly continue its motion at τ∗ due to the unilateral
constraint on the difference angle θs, eqn. (10), an impact occurs realizing an impulse to the structure. The
effect of such an impulse is modelled as a non-smooth (instantaneous) transition expressed by a possible jump3

2It is noted that, for simplicity in nomenclature, K0 is defined as the difference of the expansion of K and the coefficients of
the linear terms in θj of the expansion of f .

3In the following, the brackets [[ · ]] indicate the jump in the corresponding quantity (velocity or acceleration) at the impact
moment τ∗ and is defined as the difference of that quantity after and before the impact

[[g(τ∗)]] = g(τ+∗ )− g(τ−∗ ). (30)
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in the layers velocities at the impact time τ∗, while the rotations are continuous

θn(τ
−
∗ ) = θn(τ

+
∗ ), n = 1, 2. (31)

Considering the s-th layer as the impacting one while the j-th layer as the other one (j ̸= s), the possible
impact scenarios are listed in Table 1 in terms of the difference angles of the layers just before (τ−∗ ) and just
after (τ+∗ ) the impact. While two cases are possible before the impact (depending on the number of deformed
layers), after the impact three conditions can be realized, namely

• no bouncing, for which the impacting layer stops and the other one has a velocity jump

θ̇s(τ
−
∗ )θ̇s(τ

+
∗ ) = 0, θ̇j(τ

−
∗ ) ̸= θ̇j(τ

+
∗ ), (32)

• bouncing, for which the impacting layer reverses its motion and the other one has no velocity jump

θ̇s(τ
−
∗ )θ̇s(τ

+
∗ ) < 0, θ̇j(τ

−
∗ ) = θ̇j(τ

+
∗ ), (33)

• partial bouncing, for which the impacting layer reverses its motion and the other one has a velocity jump

θ̇s(τ
−
∗ )θ̇s(τ

+
∗ ) < 0, θ̇j(τ

−
∗ ) ̸= θ̇j(τ

+
∗ ). (34)

Table 1: Impact scenarios of the planar lattice when the s-th layer is impacting at the time τ∗ (s, j = 1, 2 with
s ̸= j)

Just before impact (τ = τ−∗ ) Just after impact (τ = τ+∗ )

#Deformed
layers

Condition
#Deformed

layers
Condition

1
θs(τ

−
∗ ) → 0,

θj(τ
−
∗ ) = 0

1

θs(τ
+
∗ ) = 0,

θj(τ
+
∗ ) ̸= 0

No Bouncing

θs(τ
+
∗ ) ̸= 0,

θj(τ
+
∗ ) = 0

Bouncing

2
θs(τ

+
∗ ) ̸= 0,

θj(τ
+
∗ ) ̸= 0

Partial Bouncing

2
θs(τ

−
∗ ) → 0,

|θj(τ−∗ )| = θ∗ > |θs(τ−∗ )|

1
θs(τ

+
∗ ) = 0,

θj(τ
+
∗ ) ̸= θ∗

No Bouncing

2
θs(τ

+
∗ ) ̸= 0,

θj(τ
+
∗ ) ̸= θ∗

Bouncing

In analogy with other classical problems in physics (as, among others, the bouncing ball, the collision of
rolling balls, vehicle collision, and rocking motion of rigid block on rigid surfaces), the structural system may
lose part of (or even increase in the presence of external forces, as shown later) its energy during the impact (in
the form of heat, noise, dissipation mechanisms, etc). Since the difference angles θs and θj are continuous, eqn.
(31), the potential energy Π, eqn. (18), is continuous too and therefore the variation in the energy E = T +Π
implies a variation only in the kinetic energy T , eqn. (17). Following Housner [42], a restitution coefficient r
can be introduced as the ratio between the kinetic energies just after and just before the impact,

r =
T (τ+∗ )

T (τ−∗ )
> 0, (35)
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so that the energy difference at the impact can be expressed as

E(τ+∗ )− E(τ−∗ ) = T (τ+∗ )− T (τ−∗ ) = −(1− r)T (τ−∗ ). (36)

In some impact problems, inherent assumptions about the motion define the value of the restitution coeffi-
cient r. For example, by assuming the pivoting point coincident with the impact point in the rocking motion
of a rigid body, a closed form expression for r can be derived through the law of the conservation of the
angular momentum [42]. However, the present structural system shows statically indeterminacy at the impact
and therefore a closed-form expression for the restitution coefficient r can not be derived. An experimental
campaign should be performed to effectively overcome the indeterminacy about the restitution coefficient, as
well as the scenario disclosure after the impact. Since, experimental measures fall outside the scope of the
present research, and these are anyway expected to be affected by the technical realization of the joints and
sliders, and the material composing the structure, the following simplifying assumptions are made

i. no bouncing of the impacting layer;

ii. only one layer deformed at every time τ .

Under the two previous assumptions, the inequality (10)3 constraining the difference angles reduce to

θ1(τ)θ2(τ) = 0, ∀ τ, (37)

so that a unique angle measure θ(τ) can be introduced to describe in time the two difference angles as{
θ1(τ) = θ(τ),

θ2(τ) = 0,
if θ(τ) ≥ 0, and

{
θ1(τ) = 0,

θ2(τ) = θ(τ),
if θ(τ) ≤ 0, (38)

and therefore

by excluding bouncing, the present non-smooth two degrees of freedom system
can be modeled as a non-smooth single degree of freedom system.

More specifically, the two equations of motion (25) are equivalent to the following single equation of motion
for θ(τ)

(1 +m)H(θ(τ)) θ̈(τ) + cH(θ(τ))C θ̇(τ) + kH(θ(τ))θ(τ) =

sin (|θ(τ)|+ β0)
[
(1 + h(τ))H(θ(τ))H(τ)− (1 +m)H(θ(τ)) ζ̈(τ)

]
+sgn [θ(τ)] cos (|θ(τ)|+ β0)

[
(1 + v(τ))H(θ(τ)) V(τ)− (1 +m)H(θ(τ)) ν̈(τ)

]
,

(39)

with the sign, the absolute value, and the Heaviside step H functions providing the discontinuous character at
each impact time τ∗, where θ(τ∗) = 0. The acceleration jump [[θ̈(τ∗)]] at the impact can be evaluated from the
equation of motion (39) as

[[θ̈(τ∗)]] =
sgn [θ(τ∗)]

1 +m
{ (h(τ∗)−m)H(τ∗) sinβ0 + (1− c+m) C [[θ̇(τ∗)]]

+ [(m+ v(τ∗) + 2)V(τ∗)− 2(1 +m)ν̈(τ∗)] cosβ0} ,
(40)

which shows that the non-smooth response of the system is not only deriving from the possible energy (or,
equivalently, velocity) change at the impact, and therefore is present even in the case of kinetic energy (or
velocity) continuous at the impact. Moreover, the jump acceleration is not affected by the horizontal ground
acceleration ζ̈.

10
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In addition to non-smoothness, in general the system displays also no symmetry in the response. However,
a symmetric behaviour in the horizontal load and ground motion can be recovered when the structural system
is loaded only with forces at the top layer, (v(τ) = h(τ) = 0), the mass is only present at the top layer (m = 0),
and the damping and stiffness are the same for the two layers (c = k = 1). Indeed, under these assumptions
the equation of motion (39) simplifies to4

θ̈(τ) + C θ̇(τ) + θ(τ) = sin (|θ(τ)|+ β0)
[
H(τ)− ζ̈(τ)

]
+ sgn [θ(τ)] cos (|θ(τ)|+ β0) [V(τ)− ν̈(τ)] , (42)

which implies that the rotation θ(τ) has the following symmetry in the horizontal load and ground motion (by
keeping same vertical load and ground motion)

θ(τ)|H(τ),ζ(τ),V(τ),ν(τ) = − θ(τ)|−H(τ),−ζ(τ),V(τ),ν(τ) . (43)

Under the considered symmetry assumption, the acceleration jump in eqn. (40) reduces into

[[θ̈(τ∗)]] = sgn [θ(τ∗)]
[
C [[θ̇(τ∗)]] + 2 cosβ0 [V(τ∗)− ν̈(τ∗)]

]
, (44)

confirming that the non-smooth character in the acceleration still persists, although dependent only on the
vertical actions, V(τ) and ν̈(τ), and not not on the horizontal ones, H(τ) and ζ̈(τ).

A further comment on the dissipation at the impact is needed before addressing eqn. (42) in the following
Sections to analyse the non-smooth vibrations of the system under constant and varying loading conditions. In
addition to the restitution factor r, the dissipation at the impact can be also expressed through the reduction
factor e ∈ (0, 1], which is the multiplier of the velocity just before the impact, θ̇ (τ−∗ ), to obtain that just after,
θ̇ (τ+∗ ), namely

θ̇
(
τ+∗
)
= e θ̇

(
τ−∗
)
. (45)

By considering the kinetic energy T , eqn. (17), the restitution factor r can be related to the reduction factor
e as

r =

[
e θ̇(τ−∗ ) sinβ0 + ζ̇(τ∗)

]2
+
[
e θ̇(τ−∗ ) cosβ0 + ν̇(τ∗)

]2
[
θ̇(τ−∗ ) sinβ0 + ζ̇(τ∗)

]2
+
[
θ̇(τ−∗ ) cosβ0 + ν̇(τ∗)

]2 , (46)

showing that the two factors can not be both assumed as constant values, except when both the ground
velocities are null,

ζ̇(τ∗) = ν̇(τ∗) = 0 ⇒ r = e2. (47)

It is evident from eqn. (46) that a decrease of kinetic energy T at the impact defines the two following
equivalent constraints

r < 1 ⇐⇒
[
(1 + e)θ̇(τ−∗ ) + 2

(
ζ̇(τ∗) sinβ0 + ν̇(τ∗) cosβ0

)]
θ̇(τ−∗ ) > 0, (48)

and therefore the condition e ∈ (0, 1) guarantees the energy reduction only in the case of null ground velocities,
eqn. (47). The same phenomenon can be observed also in the classical problem of rocking motion of rigid
bodies, which to our best knowledge has not been previously disclosed in literature [42, 43, 44, 45, 46, 47, 48, 49].
Indeed, as shown in the next Section, the present system displays some similarities with the rocking motion of
rigid bodies in terms of energy balance and behaviour at the impact instant, but it is fundamentally different

4It is interesting to note that the non-smooth structural system under consideration reduces to an inverted (smooth) pendulum
constrained by a linear elastic torsional spring when the undeformed configuration angle is taken as β0 = π/2,

θ̈(τ) + C θ̇(τ) + θ(τ) = cos θ(τ)
[
H(τ)− ζ̈(τ)

]
− sin θ(τ) [V(τ)− ν̈(τ)] . (41)
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for its multistable nature due to presence of restoring forces enabled by the visco-elastic hinges (more details
on the energy balance of the rocking rigid body and its similarities with the present system are provided in
Appendix A).

In conclusion, the non-smoothness of the present system appears at every impact time (τ∗) and in particular:

• a jump in the acceleration [[θ̈(τ∗)]], inherent to the non linearity of the governing equation, is always
present;

• a jump in the velocity [[θ̇(τ∗)]] may be introduced to represent dissipation mechanisms at impact (as, for
example, through the reduction factor e).

The system is analysed under different loading conditions in the following Sections. First, in order to
provide an insight into the influence of the velocity reduction factor, the system has been analysed in Sect.
5 under constant loading conditions with constant reduction factor less then the unit e < 1, which as it has
been shown in the literature of rocking motion [50, 51, 52, 53, 54], remains the best approach to introduce
the damping mechanism under non-varying loadings. Then, the analysis is extended in Sect. 6 to loading
conditions varying in time by modelling the dissipation mechanisms through viscous damping only (therefore
taking a unit reduction factor, e = 1), because of the large number of parameters present in the model.

5 Vibrations at constant vertical loading

Under a constant vertical load, while all the other forces and the ground motion are null, and for symmetric
linear damping

V(τ) = V, H(τ) = v(τ) = ζ̈(τ) = ν̈(τ) = 0, c = 1, (49)

the equation of motion (39) reduces to

(1 +m)H(θ(τ)) θ̈(τ) + C θ̇(τ) + kH(θ(τ))θ(τ) = sgn [θ(τ)] cos (|θ(τ)|+ β0)V, (50)

and the (dimensionless) potential energy can be evaluated as the elastic energy stored in the deformed spring
and the potential of the load as

P(θ) = kH(θ) θ
2

2
+ V [sinβ0 − sin (β0 + |θ|)] . (51)

It is interesting to note that by considering a symmetric system with null damping (k = 1, C = m = 0),
eqn. (39) can be rewritten as

θ̈(τ) + θ(τ) = −sgn [θ(τ)] V sin
(
β0 −

π

2
+ |θ(τ)|

)
, (52)

which differs from the celebrated equation of the free rocking motion for rigid bodies obtained by Housner in
1963 [42] only for the presence of the linear term in rotation related to the rotational springs (further details
are provided in Appendix A).

The dynamics under constant vertical loading and no-bouncing assumption is investigated in this Section
through small amplitude vibrations analysis, phase portraits for large amplitude vibrations, and through the
realization of a bouncing-like motion from extreme non-symmetric systems.

5.1 Small amplitude vibrations

Expansion at the first order for small amplitude rotation θ(τ) provides the following nonhomogeneous differ-
ential equation with non-constant coefficients

(1 +m)H(θ(τ)) θ̈(τ) + C θ̇(τ) +
(
V sinβ0 + kH(θ(τ))

)
θ(τ) = sgn [θ(τ)]V cosβ0, (53)
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which, by considering that the rotation is continuous in time, consists in a nonhomogeneous piecewise-linear
differential equation with constant coefficients, which is expressed dependently on the rotation sign as

θ̈(τ) + 2µ1Ω
[1]
0 θ̇(τ) +

(
Ω
[1]
0

)2
θ(τ) =

V cosβ0
1 +m

, for θ(τ) > 0,

θ̈(τ) + 2µ2Ω
[2]
0 θ̇(τ) +

(
Ω
[2]
0

)2
θ(τ) = −V cosβ0, for θ(τ) < 0,

(54)

where Ω
[p]
0 and µp are respectively the ‘apparent’ angular frequency and the damping ratio,

Ω
[1]
0 =

√
k + V sinβ0

1 +m
, µ1 =

C
2
√
1 +m

√
k + V sinβ0

,

Ω
[2]
0 =

√
1 + V sinβ0, µ2 =

C
2
√

1 + V sinβ0
.

(55)

Since the derivative of the (dimensionless) potential energy (51) can be approximated as

dP(θ)

dθ
≈
(
kH(θ) + V sinβ0

)
θ − sgn[θ]V cosβ0. (56)

the stability of the undeformed equilibrium configuration is assessed as

θ = 0 is

{
stable

unstable

}
equilibrium if V cosβ0

{
< 0,
> 0.

(57)

In addition to the undeformed equilibrium state θ(τ) = 0, two adjacent equilibrium states θ(τ) = θA > 0 and
θ(τ) = θB < 0 can be evaluated from eqn. (54) as

θA =
V cosβ0

k + V sinβ0
> 0, θB = − V cosβ0

1 + V sinβ0
< 0, (58)

which are unstable (or stable) when the undeformed state is stable (or unstable). Indeed, the constraint about
positive θA and negative θB together with the condition for a stable undeformed state (V cosβ0 < 0) leads to
the following constraint

min {1, k}+ V sinβ0 < 0 ⇒ V < −min {1, k}
sinβ0

, (59)

which implies a positive sign in the potential energy differences

P(θA)− P(0) ≈ − V2
cos2 β0

2
(
k + V sinβ0

) > 0, P(θB)− P(0) ≈ − V2
cos2 β0

2
(
1 + V sinβ0

) > 0, (60)

and therefore the instability of the corresponding deformed equilibrium states.
Due to the nature of the small vibration analysis, the two equilibrium configurations θA and θB are relevant

only when their modulus is small, condition appearing only if β0 ≈ π/2, for which

θA ≈ V
k + V

(π
2
− β0

)
, θB ≈ − V

1 + V

(π
2
− β0

)
, (61)

under the constraint (59), which reduces to

V < −min {1, k} . (62)

Overall, recalling the restriction β0 ∈ (0, π), considering null initial velocity (θ̇(0) = 0) and a non-null position
(θ(0) = θ0 ̸= 0), a divergent motion (under small rotations) is realized from the undeformed state θ = 0 in the
following cases
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• when β0 ̸=
π

2
if V

(π
2
− β0

)
> 0;

• when β0 →
(π
2

)−
if V

(π
2
− β0

)
< 0 and in addition if V < −k by taking θ0 > θA and if V < −1 by

taking θ0 < θB;

• when β0 =
π

2
if V < −k by taking θ0 > 0 and if V < −1 by taking θ0 < 0.

Recalling the solution from linear oscillators under constant force and with a subcritical damping ({µ1, µ2} <
1), the vibrations in time are expressed for initial non-null rotation and null velocity (θ0 ̸= 0 and θ̇0 = 0) by

θ(τ) = e−µp Ω
[p]
0 τ
[
Ai cos

(√
1− µ2pΩ

[p]
0 τ
)
+Bi sin

(√
1− µ2pΩ

[p]
0 τ
)]

+ (−1)isgn [θ0]
V cosβ0

k2−p + V sinβ0
,

with p =
3− (−1)isgn [θ0]

2
, for τ ∈

(
τ
[i]
∗ , τ

[i+1]
∗

)
, i ∈ N0,

(63)

where τ
[0]
∗ = 0, τ

[i]
∗ represents the time when the i-th (non-bouncing) impact occurs (i ∈ N), while Ai and Bi

are integration constants defining the motion before the (i + 1)-th impact and after the previous one to be
evaluated as iterative procedure starting from the initial conditions, θ(0) = θ0 and θ̇(0) = 0, for i = 0 and
following the condition of continuous rotation and discontinuous velocity at the i-th impact for i ≥ 1, given by

θ
(
τ
[i]−
∗

)
= θ

(
τ
[i]+
∗

)
= 0, θ̇

(
τ
[i]+
∗

)
= e θ̇

(
τ
[i]−
∗

)
, i ∈ N. (64)

Restricting the attention to undamped symmetric systems (m = C = 0, k = 1), for which Ω
[p]
0 = Ω0 and

µp = 0 (p = 1, 2), the small vibrations at constant vertical loading reduce to

θ(τ) = Ai cos (Ω0τ) +Bi sin (Ω0τ) + (−1)isgn [θ0]
V cosβ0

1 + V sinβ0
, for τ ∈

(
τ
[i]
∗ , τ

[i+1]
∗

)
, i ∈ N0, (65)

with the two non-trivial equilibrium rotations (58) becoming

θA = −θB =
V cosβ0

1 + V sinβ0
, (66)

which are relevant only when β0 ≈ π/2 and are unstable when

V < −1. (67)

By assuming that the dissipation does not appear even at the impact (e = 1), the motion becomes periodic
with a dimensionless period T0, different from 2π/Ω0 whenever V ≠ 0, given by

T0(θ0) =
4√

1 + V sinβ0
arccos

 1

1− 1 + V sinβ0

V cosβ0
|θ0|

 , (68)

which, from its expansion at small rotation (θ0 ≈ 0), under the constraint |θ0| ≪
∣∣V cosβ0/(1 + V sinβ0)

∣∣, for
β0 ̸≈ π/2 results proportional to the square root of the initial perturbation θ0, similarly to the dynamics of a
rocking rigid body [42] (see Appendix A)

T0(θ0) ≈
4
√

2|θ0|√
−V cosβ0

, (69)
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confirming the inequality (57) for having no divergent motion from the undeformed state θ = 0. Moreover, in the
case when β0 ≈ π/2, the non-trivial equilibrium configuration can be approximated by θA ≈ (π/2− β0)V/(1+
V) and the following expansion for the dimensionless period T0 can be obtained

T0(θ0) ≈
4√
1 + V

arccos

 1

1− 1 + V
V

|θ0|
π
2 − β0

 , (70)

further confirming that the divergent motion (under the small rotation assumption) from the undeformed state
(θ = 0) is realized under the conditions obtained from the potential energy analysis discussed before.

Extending now the small amplitude vibrations to the presence of impact dissipation (e ≤ 1), the oscillations
lose periodicity by decreasing amplitude and period after every impact. Indeed, through energy balance, the

(small) oscillation amplitude θ
{n}
D = θ

(
τ
[2(n−1)]
∗

)
at the beginning of the n-th oscillation (occurring from

τ
[2(n−1)]
∗ and τ

[2(n)]
∗ = τ

[2(n−1)]
∗ +T

{n}
D , therefore encompassing two impacts, n ∈ N) can be approximated as

θ
{n}
D ≈ e4nθ0, (71)

while the n-th cycle period T
{n}
D can be approximated by5

T
{n}
D ≈ e2(n−1)T

{1}
D , with T

{1}
D ≈ (1 + e)2

4
T0 ≤ T0, (72)

showing the decrease of both the amplitude θ
{n}
D and period T

{n}
D with the increasing number of impact cycles,

similarly to the rocking motion of rigid bodies. More specifically, it is noted that the period T
{n}
D approaches

zero in the limit of infinite number n of oscillations and, interestingly, the oscillatory motion ends at a finite

time τfin, because the corresponding time τ
[2n]
∗ for infinite n is given by the following convergent geometric

series (for e < 1)

τfin = lim
n→∞

τ
[2n]
∗ =

∞∑
p=1

T
{p}
D ≈ 1 + e

4(1− e)
T0. (73)

5.2 Phase portraits of vibrations at large amplitude

The vibrations for a system under a constant vertical loading are here addressed without any restriction about
small rotations. The analysis is referred to a system with β0 = 80◦ and loaded only with a constant vertical
load V = −1.5/ sinβ0 ≈ −1.523, realizing multistability through three6 stable equilibrium states (θ = 0,
θ = θI > 0 and θ = θII < 0), while for simplicity a null mass ratio is assumed (m = 0). Considering specific
initial rotation and velocity, the numerical integration of the equation of motion (50) can be performed and the
trajectories within the phase plane θ− θ̇ defined. These trajectories show how the motion evolves in time and in
particular allows for the definition of separatrices, namely lines separating conditions in regions corresponding
to qualitatively different motion. Moreover, all the trajectories display a discontinuity in their tangent when
crossing the switching condition θ = 0.

The phase portraits for a symmetric system (k=1, for which θI = −θII = 1.462) are reported in Fig. 4
with varying the dissipation source, more specifically:

5Since the oscillation period decreases as effect of each impact, the time interval between two impacts decreases too, namely

τ [2n]
∗ − τ [2n−1]

∗ < τ [2n−1]
∗ − τ [2(n−1)]

∗ , n ∈ N.

6It is noted that the tetrastability presented in [38] reduces here to tristability because of the assumption about no more than
one deformed layer at any time.
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Figure 4: Phase portrait θ(τ)− θ̇(τ) for the symmetric system (k = 1, m = 0) under a constant vertical load
V = −1.523 and for β0 = 80◦ with varying dissipation source: (a) no dissipation (e = 1, C = 0), (b) dissipation
through impact only (e = 0.8, C = 0), and (c) dissipation through viscous damping only (e = 1, C = 0.1).

Fig. 4 a) no dissipation (C = 0, e = 1). The system is conservative and the phase portrait is symmetric
with respect to both the θ and θ̇ axes. The separatrices (reported as dashed gray line) define three
bounded regions, each one containing one attractor (equilibrium configuration) only. Therefore,
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the periodic oscillating motion is around only one attractor if the initial condition is within the
corresponding separatrix curve, otherwise around all of the three attractors if the condition is outside;

Fig. 4 b) dissipation through impact only (C = 0, e = 0.8). With respect to the previous conservative
case, the trajectories are modified only when crossing the switching condition (θ = 0), where a
jump discontinuity appears. It follows that the portion of separatrix line bounding the region
encompassing the attractor at the origin (θ = 0) disappears and the related region merges with the
unbounded one to generating a decaying motion towards the undeformed configuration, while the
other two bounded regions still define periodic motion around the respective non-trivial attractor
(θ = θI and θ = θII) and remain unaffected;

Fig. 4 c) dissipation through viscous damping only (C = 0.1, e = 1). By considering that energy is con-
tinuously dissipated in time, every trajectory defines a decaying (non-periodic) oscillatory motion
towards one of the three attractors. Therefore, differently from the two previous cases, no trajectory
is bounded and, although approaching a different attractor at infinite time, each trajectory describes
oscillations around all of the three attractors for some time interval.

For completeness, the response for a conservative non-symmetric system (C = 0, e = 1) is shown in Fig. 5 for
two different values of stiffness ratio k.

Figure 5: Phase portrait θ(τ) − θ̇(τ) for non-symmetric conservative systems (e = 1, m = C = 0) under a
constant vertical load V = −1.523 and for β0 = 80◦ with varying stiffness ratio: (a) k = 0.5 and (b) k = 1.1.
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With respect to the symmetric (k = 1) case, only the portion of trajectories within the half-plane θ > 0,
and correspondingly the positive equilibrium configuration θI , is modified. In particular:

Fig. 5 a) lower layer softer than the upper one (k = 0.5). The positive value of non-trivial equilibrium
increases (θI = 2.405) as the size of the region defined by the separatrix encompassing it;

Fig. 5 b) lower layer stiffer than the upper one (k = 1.1). The positive value of non-trivial equilibrium
decreases (θI = 1.384) and, as a consequence, the corresponding separatrix region shrinkes.

Moreover, differently from the conservative symmetric case (k = e = 1, C = 0), the separatrices in the
conservative non-symmetric system show the possibility of periodic oscillations around two (instead of only
one or three) equilibrium configurations, corresponding to θI when k < 1 (θII when k > 1) and θ = 0.

5.3 Bouncing-like motion from extreme non-symmetric systems under no-bouncing assumption

Despite the no-bouncing assumption at impact, non-symmetric systems may display a bouncing-like motion
when characterized by extreme stiffness ratio. For the sake of simplicity, this behaviour is shown by analyzing
conservative systems, therefore in absence of any dissipative mechanism (e = 1, C = 0) and loadings varying
in time, although these are not expected to qualitatively modify the response. It follows that the total energy
is conserved and the motion is periodic, therefore defining the maximum and minimum rotations as

θmin = min
τ

{θ(τ)} < 0, θmax = max
τ

{θ(τ)} > 0, (74)

where velocity annihilates, the total energy matching at these two states reduces to the following (dimensionless)
potential energy matching

k
θ2min

2
− V sin (β0 + θmin) =

θ2max

2
− V sin (β0 − θmax) , (75)

establishing a nonlinear relation between the maximum and minimum rotation values, θmax and θmin. Intro-
ducing the parameter PR representing the peak ratio and defined as

PR

(
V, k

)
= min

{
θmax

|θmin|
,
|θmin|
θmax

}
∈ [0, 1], (76)

a bouncing-like motion is realized in the limit of vanishing PR.
It is noted that, from the energy balance (75), the peak ratio PR satisfies the following identity

PR

(
V, k

)∣∣
θmin=−|θ0| = PR

(
V
k
,
1

k

)∣∣∣∣
θmax=|θ0|

, k ≥ 1. (77)

Null vertical load V = 0. When the vertical load is absent, the equation of motion (50) becomes homoge-
neous,

(1 +m)H(θ(τ)) θ̈(τ) + kH(θ(τ))θ(τ) = 0, (78)

and the energy matching (75) leads to
θmax = −

√
kθmin, (79)

from which the peak ratio PR can be analytically evaluated as

PR(k) = min

{
1√
k
,
√
k

}
. (80)
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Likewise, the period of oscillation T0, in terms of the dimensionless time τ = t
√
M2/K2, is given by the sum

of the time duration T
[1]
0 of the oscillation for positive rotation and by T

[2]
0 for the negative ones, respectively

given by

T
[1]
0 (k,m) = π

√
m+ 1

k
, T

[2]
0 = π, (81)

and therefore the period of oscillation T0 follows as

T0(k,m) = π

(
1 +

√
m+ 1

k

)
. (82)

It can be observed from eqn. (80) that the peak ratio PR vanishes when the stiffness ratio k takes extremely
small or large values,

lim
k→0

PR(k) = lim
k→∞

PR(k) = 0, (83)

resembling a bouncing-like motion.

Figure 6: Time histories θ − τ/T0(k,m) of a conservative system (C = 0, e = 1) with β0 = 80◦, under null
vertical and horizontal loads, and with (a) stiffness ratio k ≥ 1 and null mass ratio m = 0 and (b) unit stiffness
ratio k = 1 and non-null mass ratio m ≥ 0.

It is interesting to observe that the corresponding periods of oscillation T0 are coincident with the oscillation
time corresponding to only one (among the two) sign of rotation,

lim
k→0

T
[2]
0

T
[1]
0 (k,m)

= 0 ⇒ lim
k→0

T0 = lim
k→0

T
[1](k,m)
0 → ∞,

lim
k→∞

T
[1]
0 (k,m)

T
[2]
0

= 0 ⇒ lim
k→∞

T0 = T
[2]
0 = π.

(84)

It is worth to mention that the infinite period of oscillation T0 at vanishing stiffness ratio k appears only
because of the adopted time normalization (namely, with respect to K2 and M2 instead of K1 and M1). It
also interesting to note that, although m does not affect the peak ratio PR, extremely large values of m define
vanishing duration of oscillations for negative sign of θ(τ), namely

lim
m→∞

T
[2]
0

T
[1]
0 (k,m)

= 0 ⇒ lim
m→∞

T0 = lim
m→∞

T
[1](k,m)
0 → ∞. (85)

19



Published in International Journal of Mechanical Sciences (2022) in press
doi: https://doi.org/10.1016/j.ijmecsci.2022.108005

Therefore, the case of large values of m (at finite values of k) does not represent a real bouncing-like motion,
although the oscillation phase involving negative rotation has vanishing duration and therefore it can be
interpreted as an impulse to the system in the proper timescale. By considering only one source of non-
symmetry in terms of stiffness (k ≥ 1, m = 0) or mass (k = 1, m ≥ 0) ratio, the rotation as a function of
the dimensionless time τ/T0(k,m) is reported in Fig. 6 for β0 = 80◦. The case k < 1 is not reported since
it is essentially the mirrored version of Fig. 6-a) about the (logarithmic) horizontal axis of the case with the
corresponding reciprocal stiffness 1/k > 1, as described by (77).

Figure 7: Peak ratio PR for a conservative system (C = 0, e = 1) with β0 = 80◦, m = v = c = 0
at varying the stiffness ratio k ≥ 1 for (a) a vertical load V = −0.5 and different values of the initial
rotation θ0 = −{2, 4, 6, 8, 10}◦ and (b) an initial rotation θ0 = −5◦ and different constant vertical loads
V = −{0, 0.25, 0.5, 0.75, 1}.

Non-null constant vertical load V < 0. The realization of the bouncing-like motion in the case of extreme
stiffness ratio values k is here shown to occur also in the presence of a negative vertical load (V < 0). In this
case, the peak ratio PR can be obtained only numerically by solving the nonlinear energy matching (75).
The peak ratio PR for a conservative system (C = 0, e = 1, β0 = 80◦) is reported in Fig. 7 with varying
the stiffness ratio k for (a) constant vertical load V = −0.5 and different initial rotation θ0 < 0 and for (b)
constant initial rotation θ0 = −5◦ and different vertical loads V. In both cases, the monotonic decrease of PR

is observed at increasing values of the stiffness ratio k ≥ 1. Therefore the peak ratio approaches null values,
representing a bouncing-like motion, in the limit of infinitely large stiffness ratio, PR

(
V, k → ∞

)
= 0. Due

to the symmetry property (77), a bouncing-like motion is also realized in the limit of vanishing stiffness ratio,
limk→0 PR

(
kV, k

)
= 0.

6 Vibrations under loading varying in time

The vibrations of the symmetric system (m = v(τ) = h(τ) = 0, k = c = 1) dissipated through viscous damping
only (C > 0, e = 1) are analysed under different harmonic loads. In particular, the results are obtained through
the numerical integration of the eqn. (42) under the following loading conditions:

i. Harmonic horizontal load at constant vertical load (Fig. 8-a)

V(τ) = V, H(τ) = Ĥ sin(Ωτ), (86)
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Figure 8: Loading paths in time within theH-V plane for (a) harmonic horizontal force at constant vertical load
V, eqn. (86), and (b) harmonic horizontal and vertical loads, eqn. (88). By modifying the loading amplitudes,
the loading paths are considered within or intersecting the quasi-static monostable domain associated with the
undeformed configuration (and reported in the sketch for β0 ∈ (0, π/2)), defined by the loading pairs satisfying
V cosβ0 < −|H| sinβ0.

ii. Harmonic horizontal ground motion at constant vertical load

V(τ) = V, ζ(τ) = ζ̂ sin(Ωτ), (87)

which, from eqn. (42), is equivalent to loading condition (i.) by considering Ĥ = −Ω2ζ̂,

iii. Harmonic horizontal and vertical force at the second layer (Fig. 8-b)

H(τ) = Ĥ sin(Ωτ) V(τ) = V + V̂ cos(Ωτ). (88)

Unless otherwise specified throughout the Section, the constant vertical load applied on the second layer is
assumed as V = −0.5 the initial configuration angle as β0 = 80◦ and the linear viscous damping as C = 0.1.
The remaining parameters of loading conditions are specified in the relevant parts of the text.

The dynamic behaviour of the unit structural cell is investigated in terms of frequency response curves and
bifurcation diagrams, obtained from the numerical integration of eqn. (42) through the commercial code MAT-
LAB by exploiting the continuation toolbox MATCONT [55] (employing ode45 solver, {Relative Tolerance ,
Absolute Tolerance, Initial Time Step} ≈ 10−8 and Maximum Time Step ≈ 10−4). Considering the in-
herent non-smoothness of the equation of motion (42) and the prerequisites for using the continuation toolbox,
a necessary adjustment is introduced to smoothen the sign function sgn[θ(τ)] by approximating it through the
following exponential function q(θ(τ),B)

q(θ(τ),B) = eBθ(τ) − 1

eBθ(τ) + 1
, (89)

by considering large values of the dimensionless quantity B, selected to not compromise the accuracy of the limit
cycle while the continuation method converges. To verify the accuracy of the model and selected parameter
B, the parts corresponding to stable motions of the MATCONT outputs have been independently confirmed
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through a direct integration of the non-smooth equation of motion in MATLAB (without any smoothing of
the sgn function) by means of the same solver and options adopted in the continuation method.

By introducing θst as the difference angle corresponding to the quasi-static equilibrium under the loads
H = Ĥ and V = V when the system is harmonically loaded and θeq as the equivalent rotation angle when the

system is under an harmonic ground motion with amplitude ζ̂

θeq = arccos
(
cosβ0 − ζ̂

)
− β0, (90)

the dynamic response is reported in terms of dimensionless rotation maxτ |θ(τ)|/θst or maxτ |θ(τ)|/θeq. As
graphical convention, the sets of stable configuration are drawn with a continuous blue line while the unstable
ones with a dashed red line; frequency range displaying quasi-periodic (QP) and chaotic (CH) responses are
highlighted through light blue and light orange bands, respectively. Moreover, in some of the reported spectra,

a horizontal dashed green line appears at the difference angle θ
[1]

= π − β0 = 110◦, corresponding to the
smallest rotation for which the layer of parallelogram shape reduces into a straight line.

The response spectra under the loading condition (i), eqn. (86), are reported in Fig. 9 with varying the
angular frequency Ω for different horizontal load amplitudes Ĥ = {0.2, 0.5, 1, 1.5, 2, 3}. It can be noted that:

• for sufficiently small load amplitudes (Ĥ = 0.2) a classical frequency response curve for the primary
resonance is qualitatively detected, which is modified through the emergence of some unstable branches
and loops (knots) when the load amplitude increases (Ĥ = {0.5, 1, 1.5}). Remarkably, the self-intersection
appearing when a portion of spectrum displays a knot shape is related to two different stable dynamic
steady states with the same amplitude and frequency but shifted in their phase;

• super-harmonic resonances are displayed, also with some unstable branches (see the zoom-in frames for
Ĥ = {0.2, 0.5}, but also for higher Ĥ) and lead to quasi-periodic motions (Ĥ = 0.2);

• for sufficiently large load amplitudes (Ĥ = {0.5, 1, 1.5, 2, 3}), a portion of spectrum appears as a loop
detached from the main one defining larger rotation amplitudes and where, due to the loop shape, the
jump-phenomena occur at the saddle node equilibria;

• a region of chaotic response appears for large load amplitudes (Ĥ = {2, 3}) for a range of frequencies
becoming wider with the increase of Ĥ. This can interpreted as the collision of the coexisting equilibria,
occurring approximately within the frequency range Ω ∈ [1, 2]. Interestingly, the system may display the
well-known grazing phenomenon [56, 57, 58, 59, 60, 61, 62], for which a stable path can pass through a
chaotic region (Ĥ = 3).

The response spectra under the loading condition (ii.), eqn. (87), are reported in Fig. 10 with varying
angular frequency Ω and for different ground motion amplitudes ζ̂ = {0.25, 0.5}. It can be observed that:

• differently from the loading condition (i.), super-harmonic resonances are no longer present, while de-
tached portions of spectrum still appear;

• quasi-periodic response may occur at low frequencies as transition zone between the undeformed state
and the steady state (ζ̂ = 0.5), as the amplitude of the ground motion increases;

• chaotic response is also detected for high frequencies as ζ̂ increases.

To further assess the dynamic response and the existence of stable attractors, bifurcation diagrams have
been obtained under the loading conditions (i) and (iii) as maximum absolute value of rotation maxτ |θ(τ)|
with varying the horizontal load amplitude Ĥ for different values of frequency Ω. In particular, the bifurcation
diagrams for the loading condition (i) are reported in Fig. 11, for Ω = {0.5, 1} and in Fig. 12, for Ω = {2, 4}.
The purple vertical dashed line represents the quasi-static bifurcation condition (QSB), defined by ĤQS

cr =
|V/ tanβ0|. It can be observed that:
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Figure 9: Normalized maximum absolute value of the difference angle θ - frequency Ω response spectrum for the
system with β0 = 80◦ and C = 0.1 under loading condition (i), eqn. (86), corresponding to harmonic horizontal
load H(τ) = Ĥ sin(Ωτ) with amplitude Ĥ = {0.2, 0.5, 1, 1.5, 2, 3} at constant vertical loading V = −0.5. The
stable (unstable) configurations are represented as continuous (dashed) blue (red) line on the spectrum. The
dashed horizontal green line represents the smallest difference angle θ for which the parallelogram reduces into
a straight line, while the light blue band represents a quasi periodic (QP) response and the light orange band
a chaotic (CH) response.
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Figure 10: As for Fig. 9, but under loading condition (ii), eqn. (87), corresponding to harmonic horizontal
ground motion ζ(τ) = ζ̂ sin(Ωτ) with amplitude (a) ζ̂ = {0.25, 0.5} at constant vertical loading V = −0.5.

• the undeformed state (θ = 0) becomes unstable for Ĥ > ĤQS
cr . Moreover, a supercritical (stable) limit-

cycle exists for Ĥ < ĤQS
cr with varying the frequency Ω, providing an anticipation of the bistable response

within the quasi-static monostability domain due to dynamics effects (this feature is further analyzed
later);

• the amplitude of the first limit-cycle increases with Ĥ and, for a given Ĥ, decreases with Ω, i.e. a
flattening of first bifurcated paths manifests itself as the frequency of excitation increases;

• for sufficiently large Ĥ a very complex dynamic behavior can be detected for which grazing together with
a cascade of period doubling bifurcations occur, which constitutes the route for a chaotic response;

• the chaotic response appears for two disconnected sets of load amplitudes Ĥ. Indeed, large-amplitude
stable steady states exist between the two chaotic regions, bifurcating through period doubling cascade
and also grazing [56, 57, 58, 59, 60, 61, 62] in chaos (see Figs. 11-a,b);

• an increase of the frequency Ω shifts the region where chaos occurs to larger values of load amplitude Ĥ;

• the coexistence of multiple stable attractors is analogous to what observed in the response spectra. More
specifically, the number of stable attractors increases with the increase of the horizontal load amplitude
Ĥ. Moreover, the piercing of a stable attractor within a chaotic region (Fig. 11-b) corresponds to the
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Figure 11: Maximum absolute value of the difference angle θ - horizontal load amplitude Ĥ bifurcation diagram
for the system with β0 = 80◦ and C = 0.1 under loading condition (i), eqn. (86), corresponding to constant
vertical loading V = −0.5 and harmonic horizontal loading H(τ) = Ĥ sin(Ωτ) for different frequencies and
Ω = {0.5, 1}.

presence of stable configuration within the range of frequencies providing chaos (light orange band) in
the spectra of Figs. 9-f and 10-b.

While the behaviour is symmetric under loading conditions (i) and (ii), the dynamic response is no longer
symmetric under loading condition (iii), (88), since it is related to an elliptical loading path in the H − V
plane (Fig. 8-b), therefore sensitive to the direction. Such non-symmetric behavior can be appreciated from
the bifurcation diagram reported in terms of maximum and minimum values of rotation, maxτ{θ(τ)} and
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Figure 12: As for Fig. 11, but for horizontal force frequencies Ω = {2, 4}.

minτ{θ(τ)}, in Fig. 13 for V = −0.5, V̂ = 0.25, and Ω = 1. However, apart for the lack of symmetry, the
same features and the coexistence of multiple equilibrium paths observed in the symmetric response are also
detected here.

A final investigation on the dynamic behaviour is addressed in terms of the largest rotation amplitude
among the non-trivial solutions under loading condition (i), eqn. (86). The results are reported through

stability charts in Figs. 14 and 15, realized as contourplots in the
(
Ĥ,V

)
plane. White and coloured regions

represent respectively the non-existence and existence of non-trivial stable configurations for the corresponding

loading pairs
(
Ĥ,V

)
, with the contours associated with the rotation amplitude of the non-trivial stable solution.

Since under quasi-static loading conditions non-trivial equilibrium configurations exist only when V cosβ0 >
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Figure 13: As for Fig. 11, but under loading condition (iii), eqn. (88), corresponding to harmonic horizontal
and vertical forces (H(τ) = Ĥ sin(Ωτ), V(τ) = V + V̂ cos(Ωτ)) with frequency Ω = 1, vertical force average
V = −0.5 and amplitude V̂ = 0.25, with varying amplitude of the horizontal force Ĥ. Since the loading is no
longer symmetric, the system response loses symmetry and therefore maximum and minimum rotations are
reported separately.

−|H| sinβ0 (red line), it can be appreciated that dynamics reduces the monostability region by increasing
the multistability one, therefore realizing an enlargement of the co-existence domain for the stable trivial and
non-trivial solutions. In particular, the stability charts reported in Fig. 14 for different frequencies, Ω =
{0.1, 0.5, 0.75, 1, 1.5, 4}, show that the multistability region increases more with the increase of the excitation
frequency Ω, while the corresponding amplitudes reach instead highest values for Ω ≈ 1. It also noted that a

second non-trivial stable motion appears for a narrow region in the load values
(
Ĥ,V

)
when Ω = 4.

The influence of the initial configuration angle β0 and of the damping coefficient C can be appreciated
from the stability charts for β0 = 60◦ and C = 0.1 (Fig.15-a), for β0 = 80◦ and C = 0.05 (Fig.15-b), and for
β0 = 80◦ and C = 0.15 (Fig.15-c), all of these for an horizontal load frequency Ω = 1. It is noted that the
initial configuration angle β0 has only a slight influence on the shape of the new border (compare Figs. 14-d)
and Fig.15-a)), although the maximum amplitude decreases with the increase of β0. Moreover, the lower the
damping coefficient C, the more the domain of non-trivial solutions extends, as well as the higher the damping
coefficient C, the lower the maximum rotation amplitude of the non-trivial solution.

It is worth to remark that the external load also entails a parametric excitation through a change in the
equivalent stiffness in the equation of motion (53). Therefore, the reported stability charts resembles in a sense
a sort of Strutt-like diagram, although an interplay between the external and the parametric excitation occurs
in the present system, differently from the classical Mathieu problem.

7 Conclusions

The nonlinear dynamic response has been investigated for a novel metainterface based on two layers of elements
buckling in tension (or equivalently in compression) modeled as a two degree of freedom system, where each
degree is subject to a unilateral constraint. A system of two nonlinear coupled equations of motion under
unilateral constraints have been obtained and, by assuming no bouncing at impact among all the possible
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Figure 14: Dynamic stability chart for the system with β0 = 80◦ and C = 0.1 under loading condition (i),
eqn. (86), corresponding to harmonic horizontal loading H(τ) = Ĥ sin(Ωτ) with varying frequency Ω =
{0.1, 0.5, 0.75, 1, 1.5, 4} at constant vertical loading V. White area represents the monostable region where only
the trivial configuration is stable, while the colored region represents the presence of at least one non-trivial
stable configuration. The border of the monostable region under quasi-static conditions is drawn as the red line,
showing then that dynamics anticipates the bistability. Contour levels display the largest rotation amplitude
θmax of the non-trivial stable solutions.

impact scenarios, reduced to a single nonlinear piecewise-smooth equation of motion, resembling that governing
the rocking oscillations of rigid blocks. Vibrations are then investigated under constant loadings, disclosing
divergence condition for small amplitude vibrations, the phase portraits at large amplitude vibrations, and the
possibility to realize a bouncing-like motion from a no-bouncing system with extreme stiffness ratios. Finally,
vibration analysis is extended to oscillatory loadings through the presentation of response spectra, bifurcation
diagrams, and stability charts, which show a wide landscape of the metainterface response, encompassing
dynamic bifurcations and multistability anticipation.

The disclosure of such interesting features within a theoretical framework asks now for an experimental vali-
dation and a tuning of dissipation parameters towards an effective implementation of the present metainterface
concept in engineering applications ranging from energy harvesting to vibration mitigation.
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Figure 15: As for Fig. 14, but for systems with a) β0 = 60◦ and C = 0.1, b) β0 = 80◦ and C = 0.05, and c)
β0 = 80◦ and C = 0.15, with an horizontal load frequency Ω = 1.
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A Rocking motion of a rigid rectangular block over an oscillating rigid flat surface

The rocking motion of a rigid rectangular body has strong similarities with the dynamics of the structural
system presented in the main text, including a previously undisclosed condition providing energy increase at
impact.

The kinetic energy T (t) of a rigid rectangular block over an rigid flat surface, oscillating through a dis-
placement Uh(t) = 4Rζ(t)/3, is given by

T (t) =
2MR2

3

(
θ̇(t)2 + 4ζ̇(t)2 + 2θ̇(t)ζ̇(t) cos(α− |θ(t)|)

)
, (91)

where M is the mass of the rigid block, α is the angle between the radius R connecting the center of the mass
of the body to its pivoting point and the vertical direction when the block is at rest, and θ(t) is the rotation
of the rectangular body around the pivoting point.

Since the potential energy Π(t) is given as the gravitational potential of the block due to the gravity
acceleration g as

Π(t) =MgR [cos(α− |θ(t)|)− cosα] , (92)

the Euler-Lagrange equation leads to the celebrated nonlinear equation of rocking motion derived for the first
time by Housner [42]

θ̈(t) = −ζ̈(t) cos(α− |θ(t)|)− p2sgn [θ(t)] sin(α− |θ(t)|), (93)

where p2 = 3g/(4R). By substituting α = π/2− β0, eqn. (93) can be rewritten as

θ̈(t) = ζ̈(t) sin(|θ(t)|+ β0)− p2sgn [θ(t)] cos(|θ(t)|+ β0), (94)

which is similar to equation of motion (42) for the structural unit cell subject to a constant vertical load
V = −p2 and C = H(τ) = ν̈(τ) = 0 and differs only in the time normalization and in the linear term in rotation
due to the presence of the rotational spring.

Next, by considering the dissipation at impact through the velocity reduction factor e = θ̇(t+∗ )/θ̇(t
−
∗ ) ∈

(0, 1), the jump in the kinetic energy T at the time of impact t∗ follows as

[[T (t∗)]] = −2 (1− e)MR2

3

{
(1 + e)

[
θ̇(t−∗ )

]2
+ 2θ̇(t−∗ )ζ̇(t∗) cosα

}
. (95)

This last equation shows that in the absence of ground motion (ζ̇(t∗) = 0) the jump in the kinetic energy is
always negative, [[T (t∗)]] < 0, since e < 1. However, in the presence of non-null ground velocity, a kinetic energy
decrease is guaranteed only when the following conditions are both satisfied

θ̇(t−∗ )ζ̇(t∗) > 0, and |ζ̇(t∗)| <
1 + e

2 cosα

∣∣∣θ̇(t−∗ )∣∣∣ . (96)
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Finally, from small vibrations analysis in the absence of ground motion, when an initial small rotation θ0 is
assumed together with a null initial velocity, the oscillation period for the system in the absence of impact
dissipation (e = 1) is approximated by

T0(θ0) ≈ 4

√
2|θ0|
p2 sinα

, (97)

when θ0 ≪ α, while it is approximated by

T0(θ0) ≈
4

p
arccosh

 1

1− |θ0|
α

 , (98)

when θ0 ≈ α, recalling the overturning initial rotation for the rocking problem |θ0| > α. It is noted that, by

considering impact dissipation through the velocity reduction factor e, the amplitude θ
{n}
D and period T

{n}
D of

the n-th cycle (each cycle encompassing two impacts) and the end time tfin of rocking are approximated by
the same expressions, eqns. (71)–(73), derived for the structural unit cell investigated in the main text.
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